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PREFACE 


This book Elements of Co-ordinate and Solid Geometry 
has been written in accordance with the syllabus of the 
Pre-University Course of the Calcutta University, of 
Entrance Examination of the Burdwan University and 
of the Higher Secondary Course of the Board of Secondary 
Education, West Bengal. 

Regarding the. subject-matter we have tried to make 
the exposition clear and concise, without going into 
unnecessary details. A good number of typical examples 
have been worked out by way of illustrations and examples 
for exercise haye been selected very carefully. 

Important formule have been given at the beginning 
of the book for ready reference. A few questions of the 
recent years are given at the end to. give the students an . 
idea of the standard of examination. ' 

It is hoped that the book ‘will meet the requirements 
of those for whom it is intended and we shall deem our 
labour amply rewarded if the students find the book useful 
to them. : er 

We are taking this opportunity of thanking Prof. Tapen 
Moulik M. Sc. of the B. E. College, Shibpur, for his sugges- 
tions and help in the speedy publication of the book, Our 
thanks are also due to the authorities and the staff of the 
K. P. Basu Printing Works, Calcutta, who kindly completed 
the printing of the book in short, period, 

Corrections of misprints and suggestions for improve- 


ment will be thankfully received. 


15th April, 1962 \ B. 0. D. 
Calcutta B. N. M. 


Syllabus of Co-ordinate Geometry 


1. Pre-University Course of the Calcutta University. 


Plane cartesian co-ordinates, distance between two points, co- 
ordinates of the point dividing a finite straight line in a given ratio. 
Area of a triangle. 


Equation of a locus in rectangular cartesian co-ordinates. Transfer 
of origin without rotation of axes. Equations of a straight line in 
different forms, Angle between two straight lines, conditions for 
parallelism and perpendicularity. Perpendicular distance of a point 
from a given line, Equations of the angle bisectors between two lines. 
Equation of æ circle. Intersection of a straight line and a circle. 
Condition of tangency. Equation of the tangent and normal at a point. 


Definition of a circle with reference to focus and directrix ; a 
parabola, an ellipse and a hyperbola. Deduction, from definition, of 
the equations of the above loci referred to the directrix and the per- 
pendicular from the focus upon the directrix as axes. Reduction of 
these equations to their standard forms. Intersection of a straight line 
with any of above loci ; condition for tangency. Equation of tangent 
and normal at a point for each of the above loci. Deduction of simple 
Properties of the above loci. 


2. Higher Secondary Course of the Board of Secondary Education, 
j West Bengal. 


Class X 


Rectangular cartesian co-ordinates ina plane ; Lengths of segments ; 
Section of a finite segment in a given ratio ; Area of a triangle ; Straight 
line, 

Class XI 


Circle, chords, tangents, Normals and elementary properties 
connected with them; Parabola, Ellipse, Hyperbola referred to their 
principal axes, Analytical treatment of those curves in respect of 
(1) the focus and directrix properties, (2) tangents and normals and 
elementary properties connected with them, (3) centre and diameter, 
[ Note : Discussion should always be restricted to rectangular cartesian, 


co ordinates. ] 


Syllabus of Solid Geometry 


1. Pre-University Course of the Calcutta University. i 


Definitions—Parallel and skew straight lines. Angle between two 
straight lines and between two planes, parallelism and perpendicularity, 
Angle between ‘a plane and a straight line, their parallelism and 
perpendicularity. Projection of a line on a plane. 

Axioms : (i) One and only one plane passes through a given line 
and a given point outside it. 

(ii) If two planes have one point in common, they have atleast a 
second point in common. 

Theorems : (i) Two intersecting planes cut one another in a straight 
line and in no point outside it. > , 

(ii) Ifa straight line is perpendicular to each of two intersecting 
lines at their point of intersetion, it is perpendicular to the plane in 
which they lie. 

(iii) All straight lines drawn perpendicular to a given straight line 
at a giyen point on it are co-planar. 

(iv) If of two parallel straight lines one is perpendicular to a plane, 
the other is also perpendicular to it. 

(v) Ifa straight line is perpendicular toa plane, then every plane 
passing through it is also perpendicular to that plane. 

Idea of the following regular solids : 

Sphere, rectangular parallelopiped, regular tetrahedron, right prism, 
right circular cylinder and a tight cone. Expressions (without proof) 
for the surfaces and volumes of the above solids. 


2. Higher Secondary Course of the Board of Secondary Education, 
West Bengal. 


Axiom (i): One and only one plane may be made to pass through 
any two intersecting lines. 
Axiom (ii): Two intersecting planes cut one another ina straight 


line and in no point outside it. 


(vi) 
To prove, 


1. Ifa straight line is perpendicular to each of two intersecting 
straight lines at their point of intersection, it is also perpendicular to 
the plane in which they lie. 


2. All straight lines drawn perpendicular to a given straight line 
at a given point on it are co-planar, 


3. If two straight lines are parallel and if one of them is perpendi- 
cular to a plane, then the other is also perpendicular to the plane. 


Concept of angle between two planes and angle between a straight 
line and a plane. 


Concept of parallelism of planes. 

Concept of a line being parallel to a plane. 

Concept of skew lines, 

Mensuration : p 


Parallelopipeds, Right Circular cones, Prisms and Pyramids (Ex- 
pressions without Proof, of the surfaces and volumes of the solids), 
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Important Formule 
of 


CO-ORDINATE GEOMETRY 


1. Distance PQ= V(x, —2,)? + (ys =y) ~ 
Distance OP=r= Jy? +y. 
2. Point dividing the line joining two given points 
in a given ratio : 
£ p= +Mot, y= tmy 
Ma Mma Mı + mo i 
Middle point 3(7, +22), Hy, Eya) wv 


8. Area of a triangle with given vertices 
Bfea(ve— 45) + ols -y1)+ valy — ¥a)h. / 
4. General equation of a straight line 
az+by+c=0 (aand b both #0). v 


Every first degree equation in x, y represents a straight Í 
line. x 


5. Transfer of the origin (directions of axes remaining 
unchanged) from (0, 0) to (a, B) 
z=X+a, y=V+ep, 
6. Straight line parallel to the z-axis: y=), ~ 
Straight line parallel to the y-axis : =a, 


nig Equations of straight lines in standard forms : 


uF 


(i) Intercept form : a + a =1. 
(ii) ‘m? form : y=mr+c. 
(iii) Form through a given point : 


-y= sea Oe re EN. 
¥ U-U=mc-2 Ft = ed, 
ae 1) or, cos@ sing 


( ix ) 


(iv) Normal (or perpendicular) form : 
g cos a+ysina=p. , 
(v) Two points form: y- Ya = Ye (y w). 
@_— @y 
8. Point of Intersection of the two lines 
as +bıy +c =0, G20 t+ bey +c. =0 ; 
bio = bees, ya Go — CoG, 
yb. — Gaby Giba ~ Gaby 


£ ee 


9. Condition for concurrence of the three given lines 
aw +bıy+ci=0, adovtbey+ce=0, ast tby tes =0; 
(bees T sca) + bi (coas z 382) +¢1(dobs —Agba) =0. 

10. Condition for collinearity of the three given points 


(æa, V1), (ta, Va), (Es, Yah is 
w (Ya = Ys) + TalYs =y) t Talyı a Ya)= 0. 
11. Angle between two given lines : 
(i) When the lines are y =m% +C1, Y= Mott Co 
~m 
tee Ca tears 
(ii) When the lines are 
ag +byy+c,=0, Gott bey tca =0 


tan d= CHU Saaba 


diag + bibs 
12. Conditions for 
(a) parallel lines, (i) mi=m, (ii) = bs, 
Gz be 
(b) perpendicular lines, (i) mime = - 1, 


(ii) aias +b1b2 =0. 


13. Length of the perpendicular from the point (£4, y1) 


upon the line aa + by+c=0 is 
4t +byi tc, 
= Ja? +b? 


1 


(Gx) 


14. Equations of the bisectors of the angle between 
the lines a% + biy +c, =0, Goxt+dayt Co=O0 is 
aıt +biy +c, G+ doy + Ca 
ea le eiJallcces, 
Jay? +b,2 Nae? +ba? 
15. Equation of the circle 
(i) Standard form: g? + y? =a? 
centre : (0,0); radius a. 
(ii) general form: g?+ y? + Iga + Ofy +6=0 
centre : (—g, — f), radius = Ng? FF =o. 
16. Circle with the giyen points (£1, Y1) and (ae, yo) 
as extremities of a diameter 
@- sw- a0) + (y—y,)(y— ys) =0, 
17. Equation of the tangent to the circle at (w1, yx) 
(i) for standard form : 221+ yy, =a" 


(ii) for general form : 
mts + ys + G(e+2,)+fly+y,)+0=0, 
18. Equation of the normal to the circle at (x, V1) 


(i) for standard form: Z =¥. 
Tı Yı 


(ii) for general form : ty, +f) —y(x, +9) =f, — Gy. 


19. Length of the chord of the circle s? +y?=a? i 
intercepted by the line y =a + c is | 
2 Vall + m*) = ce, 
J1+m2 
20. Condition of tangency: condition that the line 
yma +c may touch the circle a? +y? =a? is 
C= ta NIF me. Yi 


(xi) 


y=mr+a J1+m? is a tangent to the circle sty? =a? 
for all values of m and in that case the point of contact is 
Us 
Jitm? J1+m* 
21. Length of the tangent from an external point 
(£1, yx) to the circle s? + y? + 29a + 2fy +c=0 is 
Ja +y + gw, + 2fys tc. 
22. Standard forms of the equations of conics. 


(a) Parabola 
G) y2=4a(x-a) (with axis and directrix as axes of 


co-ordinates). 
(ii) y2=4an (Standard form), 
(with the vertex as origin and the axis and the 


tangent at the vertex as axes of co-ordinates). 


(b) Ellipse 
ar ae (Standard form) 
ae ge andard form). 
(with centre as origin, and major and minor 
axes as' axes of co-ordinates). 
(c) Hyperbola 
a? y? 
T 1 (Standard form) 
(with centre as origin and transverse and con- 
jugate axes as axes of co-ordinates). 


23. Parabola : 
(i) Standard form y° =4az. 
Gi) Datus rectum =4a; focus is (a, 0); extremities 
of the latus rectum are (a, +9a); directrix is 


LT=-a 


( xii ) 
(iii) Equation of the tangent at (x, y1) is 
YY = 2a (x + 23). 
(iv) Normal at (£1, yi) is y-y, = aie (z- x). 
(v) Length of the chord intercepted by the straight 
line y=mr+c is A Jala- mlm} 
(vi) Condition that y=mrte may touch the 


parabola is ome (m #0): 


The line y=met © is a tangent to the parabola 


for all values of m (except zero), 


the point of contact being (23 2a), 
k m” m 
(vii) Parametric representation : «=at*, y = 2at. 
(viii) Equation of the diameter : y= ahs 


m 
24. Ellipse 


2 
(i) Standard form “5 + al, 
a” b 


(i) Latus rectum =92a (1-e?)=2 ue 


ee i 2 
(iii) Eccentricity : b? =a?(1-¢?) or e? =% 


(iv) Focal distances of P (wx, y1): 
SP=a-er,, S'P=ater, ; SP+§/P=9a. 


(v) Tangent at («,, v): a +o = 


(vi) Normal at (x3, y1): 255 Y=, 
x 
at 


( xiii ) 
(vii) Length of the chord intercepted by the line: 


y=mx +c on the ellipse 
_ 2ab Jem yam? +b m2 +b? —6* 
am? +b" 


(viii) Condition of tangency : 
The line y=matc is a tangent to the ellipse if 
c=+ Jam? +b" 
The line y=ma+ a'm” +b? is a tangent to the 
ellipse for all values of m, and the point of 


contact is 
b? 
Jam? +b? j 


(ix) Auxiliary circle : w° + y? =a". 


(x) Parametric representation : =a cos 0, y=bsin 0. 
b? 


(zi) Diameter y= —7a5 @- 


(xii) Director cirtle gi +y =a tbt. 


25. Hyperbola 
: ee has) 
(i) Standard equation : 7 — ps 1. 
b? 
(ii) Latus rectum: 2a (e? -1)= ayo 
aie te 2457 
(iii) Eccentricity : b* =a°(e? —1) or e° =% a ` 
For rectangular (or equilateral) hyperbola. 
a=b; e= J2. 


(iv) Focal distances of P (a1, va) 
§P=er,—4, SP=erita 
S'P-SP=2a. 


( xiv ) 


{v) Equation of the tangent at (z1, y1) 
Wo, Us 4 | 
ie ip E 


vi) Equation of the normal at (a, y1) is 


(vii) Length of the chord of the Evperhole HCE 
by y=ma+c is 


2ab Jim y- =a mtb, 
am? —b? 


(viii) Condition of tangenċy : 
The line y=ms+c will be a tangent to the 
hyperbola if c= + Jam? -p2 
The line y=mæ+ Ja?m*—G? is a tangent to the 
hyperbola for all values of m, the point of contact 


3 
b (- a?°m ki b ): | 
ging Ja2m?—b2  Ja2m?—b2 
2 
(Gx) Equation of the diameter is w= 


(x) Equation of the asymptotes: y= + 


Important Formule 
of 


SOLID GEOMETRY 


1. Rectangular parallelopiped (or cuboid). 
If a, b, c be its length, breadth and height 
(i) Area of the surface = 2(bc +ca+ab). 
(ii) Volume =abc. 
(iii) Surface area of a cube of side a= 6a". 
(iv) Volume =a°*. 


2. Right Pyramid on any regular base. 


(i) Slant surface =4 (perimeter of base) x slant height. 
(ii) Volume =4 (area of base) x height. 


3. Tetrahedron. 
Volume =+ (area of base) x height. 


4. Right Prism. 
(i) Lateral surface =(perimeter of base) X height. 


(ii) Volume = (area of base) x height. 


5. Right circular cylinder. 
If x is the radius of the base and h the height of the 


cylinder, 


(i) Area of the curved surface 
= (circumference of base) x height 


=2Qarh. 


(ji) Area of the whole surface 
=Qarh + Iar? =Qar(h+7). 


Gii) Volume = (area of base) x height =ar*h. 


( xvi ) 


6. Right circular cone. 
If r is the radius of the base, h the height, l the slant 
side and a the semi-yertical angle of the cone, 
(i) Area of curved surface 
= (circumference of base) x slant side 
=4$.2arl=arl 
=ar Jh? +r? =ar" cosec a. 
(ii) Area of the whole surface = ar(l +7). 
(iii) Volume =4 (area of base) x height 
=ar? h= fah? tana. 
7. Sphere. 
If r be the radius of the sphere, 
(i) Area of curved surface = 4ar?. 


(ii) Volume =$zr°. 


CO-ORDINATE GEOMETRY 


CHAPTER I 


RECTANGULAR CARTESIAN CO-ORDINATES ; 
‘ ELEMENTARY RESULTS 


1'1. Location of a point on a plane. 
Rectangular Cartesian Co-ordinates. 


To locate the position of a point on a plane, we usually 
take two fixed straight lines on the plane, intersecting one 
another at right angles, for reference. 


These lines are termed the ames of reference or axes of 
co-ordinates. One of them, XOX’ (from right to left) is 
usually taken as‘the x-awis, and the other, YOY’ (from 
above downwards) is taken as the y-axis. The point of 
intersection, O, is referred to as the origin. The position 
of a point P on the plane will be definitely known when 
we know its perpendicular distances PM and PN from the 
axes of reference. These perpendicular distances, with 
proper sign are termed the co-ordinates or more precisely 
the rectangular or orthogonal co-ordinates of the point. 


2 CO-ORDINATE GEOMETRY 


The distance MP parallel to the z-axis, of P from the 
y-axis is called the s-co-ordinate, or abscissa of P, and 
is conventionally measured positive from O along OX 
towards the right, distances from O towards X’ being 
reckoned as negative. . Similarly, the distance NP parallel 
to the y-axis, from the z-axis to the point, is called the 
y-co-ordinate or the ordinate of P, being conventionally 
measured positive upwards along OY and negative down- 
wards along OY’. 


The whole plane is divided by the axes XOX’ and VOM 
into four quadrants XOY, YOX’, X’OY’ and Y'OX, and 
according to the conventions given above, the co-ordinates 
of a point P are both positive in the first quadrant. In the 
second quadrant, (for instance for the point P’), the 
x-co-ordinate is negativo and the y-co-ordinate is positive. 
Both the co-ordinates are negative in the third quadrant. 
while in the fourth quadrant, the x-co-ordinate is positive 
but the y-co-ordinate is negative. 


Generally, P being any point on the plane of axes of 
reference XOX’ and YOY’, PN being drawn perpendicular 
to the a-axis, ON is the 2-co-ordinate and NP is the 
y-co-ordinate of P, and these co-ordinates being given in 
magnitude and sign, the position of P is definitely fixed. 
Conversely, if P be given in position on the plane, its co- 
ordinates are definite in magnitude and sign. 


The above method of locating a point on a plane is due 
to Des Cartes, after whom the co-ordinates are referred to 
as Cartesian Co-ordinates (Rectangular or, Orthogonal) in 
this case, 


Oblique co-ordinates, 


Instead of two mutually perpendicular lines, we may take any 
two intersecting lines XOX’ and YOY’, inclined at any angle to one 
another as axes of reference and proceed to define the position of 
a point P, not by its perpendicular distances from the axes, but by the 
distances MP and NP of P parallel to X'OX and Y’/OY respectively 
from the other axis. In other words, if PN be drawn parallel to YOY' 
to meet XOX’ at N, ON and NP are respectively the 2-co-ordinate 
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and the y-co-ordinate of P, which define the position of P on the 
plane definitely. The axes are here termed as oblique ares and the 
co-ordinates are obligue co-ordinates (Cartesian). The convention 


as to the signs of the co-ordinates is exactly as in the case of 
rectangular axes. 


Polar Co-ordinates. 


There is yet another method of locating a point ona plane. Hero 
we take a fixed straight line OX on 
the plane for reference, which we P 
call the initial line, and a fixed 
point O on it, called the origin or 
pole. The position ofa point P is 
definitely known if we know the (0) X 
distance OP (=r say), and the angle XOP (=9 say), The quantities 7 
and @ are called the polar co-ordinates of P. The distance r, called the 
radius vector, is always taken as positive, and the angle 0, called the 
vectorial angle is conventionally positive when measured anti-clockwise 
from OX, The polar co-ordinates being given, the position of P is 
definite, while if the position of P be given, its polar co-ordinates 
will have definite values. 


Henceforth, throughout the book, we shall use rectan- 
gular Cartesian co-ordinates only to refer to positions of 
points on a plane. 


4 ° CO-ORDINATE GEOMETRY 


1'2. Distance between two points whose Cartesian 
co-ordinates are given. 


Q (22) ye) - 


Let P and Q be two given points on a plane whose 
Cartesian co-ordinates (rectangular) are (x1, Y1) and (vs, Yo) 
respectively. Let PM and QN be perpendiculars from B 
and Q on the z-axis OX, and PL perpendicular from P on 
NQ. Then OM=2,, MP =y, ON =z, NQ=Y2. 

`. PL=MN=ON-OM=a2-a1 
LQ=NQ-NL=NQ-MP=y:-Yı 
from the right-angled triangle PLQ, 
PQ?=PL?+LQ°= (to = ts)" +(yo- a)" 
s+ PQ= Vla -x1)?+ (y2 - 1)?» 
Cor. The distance r of a point P whose co-ordinates are given to 


be v, y, from the origin (whose co-ordinates are 0, 0) is given by 
OP=r= j/x?+y?. 


13. Point dividing the line joining two given points 
in a given ratio. 


Let P and Q be two given points whose co-ordinates 
are (£4, Y1) and (we, Y2) respectively and let R be the point 
which divides PQ ina given ratio Mm, : me, t.en PR: RQ 
=M; : Ms. 


Let (x, y) be the co-ordinates of R. 
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Draw PL, QM and RN perpendiculars on the z-axis, 
and let PS and RT be parallel to the z-axis, meeting RN 


pe i Q len va) 


(z1 wit 


1 
i 
[i 
1 
1 
XEO L x 
and QM at S and T respectively. Then the triangles PSR 
and RTQ are evidently similar. 


H PS_SR_PR_m™1, 
ence, RT TQ RQ ma 


But PS=ON-OL=2-21, RT=OM-ON=2.-«. 


Similarly, SR=y-yi1, TQ=Ye-y. 


LG oy Ya mi, 
1) oao Yar ms 


Hence, simplifying, 


MıX2 + M2X1, y=- tmy, 
m, +m2 m, +m 


giving the co-ordinates of R. 


Cor. The co-ordinates of the middle point of the line joining the 
points (£1, Y1) and (£a, Ya) is 4(54 +x2), a(¥1 + ya). 


Note. If R divides PQ externally in the ratio m,:m., one 
of the two quantities m, and ms is to be taken with a negative sign. 
Whichever of the two'is taken negative, the co-ordinates of R will 
MiL Maks, Mies Mair. 


remain the same namely 
he Mı— Ma Mı — Ma 


6 CO-ORDINATE GEOMETRY 
1'4. Area of a triangle whose vertices are given. 


Alou ys) 
Y 


C(za yz) 
B, 


(eo, Y2)| 
ij 
\ 
' 
x 0 M 


Let the vertices A, B, O of a given triangle have co- 
ordinates (a4, Y1), (te, Y2) and (ws, Ys) respectively. 


‘Let AL, BM, CN be drawn perpendiculars on the #-axis, 
so that OL=a,, LDA=y,, OM=2., MB=y2, ON=23, 
NO=ys. 


Now evidently, 
AABC=trapezium ABML + trapezium ALNO 
— trapezium BMNO. 


Also, area of a trapezium=4% the sum of the parallel 
sides x the perpendicular distance between them. 


Hence, the area of the triangle ABC is given by 
AN=}(MB + LA) x ML+34(LA+NO)X LN 
— 4(MB + NO) x MN 
=}(y; + yes — Ta) + (Ya + Ys)(@s — a) 
= Flia + ys)\(es — To) 
=4{x4(y2 -y3)+x2(ya y1) +Xa(y1—Ya)} 
on simplification. 
Note 1. In our figure above, we have taken the vertices A, B, G 


in such an order that in moving along the sides AB, BO, CA we are 
to moye in an anti-clockwise direction. In such a case, the above 


ee S E 


a 


ELEMENTARY RESULTS 


expression for the area of the triangle ABC will always be found to be 
positive. If the vertices in order are so taken that in moving along 
the sides of the triangle in that order we move clockwise, the above 
expression for the area will be found to be negative. 


Note 2. Area of a polygon with given vertices. 


Y D 


If a polygon ABODE has the co-ordinates of its vertices given, to 
find its area, we break it up into triangles by joining its diagonals, 
and then add up the areas of these triangles (which have got their 
vertices known) in the same order. The result will give the required 


area of the polygon in that order. 


1'5. Illustrative Examples. 
Ex. 1. Prove that (—1, —1), (1, 1) and (— „3, N8) are the vertices 
of an equilateral triangle. 
Let A, B, C be the points whose co-ordinates are (—1, —1) (1, 1) 
and (— J/3, 4/3) respectively. 
Then AB? =(—1-1)?+(-—1-1)?=8 
BO? =(1+ x/3)?+(1— ./3)?=8 
GA?=(— /3+1)?+(./3+1)? 
, AB?=BC2=CA? or AB=B0=04. ` 


Thus the triangle ABC is equilateral. 


Ex. 2. I} the co-ordinates of A, B, C, D are (—1, —2), (7, 4), (4, 8) 
and (—4, 2) respectively, show that ABCD is a rectangle. 


8 CO-ORDINATE GEOMETRY 


Here, 4B?=(—1—7)?+(—2—4)?=100 
peat en ete 5 
D? = (4+ 4)? + (8—2)? =100 
s Darn (—441)?+(24+9)?=25 
and =(—1-—4)?+(-—2-8)?=125. 
Thus, AB=OD and BC=D4. 
Hence, opposite sides being equal, ABCD must be a parallelogram. 


Moreover, here, 4C0?=AB"+BC?, so that angle ABC is a right 
angle, 


Hence, ABCD is a rectangle. 


Ex. 8. Find the circum-centre and the circwm-radius of the 
triangle whose vertices are the points (—4, 3), (—2, —3), (0, —5). 


Let A, B, C be the vertices of the triangle whose co-ordinates 
are (—4, 3), (—2, —3), (0, — 5) respectively, and let S be the circum- 
centre of the triangle, whose co-ordinates are supposed to be (a, y). 


Then, SA=SB=SC or SA?=SB?=SC?, 

we (w+4)? + (y= 3)? = (+2)? +(y-+3)? =(@—0)? +(y+5)?, 

or 8a—6y4+25=42-4+-67+13=107 +25, 

whence solving, x=6, y=3. 

+’. the circum-centre § is thé point (6, 3). 

Also, circum-radius= $4 = N(6+4)?+(3—3)?=10 units. 

Ex, 4. A, B,C, D are four points whose co-ordinates are (1, —8), 


(—8, 4), (0, 7) and (3, 16) respectively. Find the ratio in which CD 
divides AB. Find also the ratio in which AB divides CD, 


Let AB and CD intersect each other at P which divides AB in 
the ratio À : 1. 


Then, the co-ordinates of P (by § 1'3) are 
1 


=3 aes respectively. 
AFL 


Now, P, C, D being in one straight line, the area of the triangle 
PCD is zero, Hence (by § 1°4). 


1P=8\41 4\—8) (44-8 _,\]_ 
alae nee Ae (e-a) a(Re-7) [=0. 


. ELEMENTARY RESULTS 9 


Or, —9(—8\+1)+3(—3A—15)=0; .*. A=3. 
Hence, CD divides AB in the ratio 3: 1. 
The co-ordinates of P are therefore, 


3(—3)+1, 3.4-8 , 
841° 3+1 


Again, if-P divides CD in the ratio #:1, then co-ordinates 


— 2, 1 respectively. 


of 'P are É: si Ee oes a and these being identical with —2,1, we have 


Either of these give u= — 

Hence, AB divides OD externally in the ratio 2:5 

Ex. 5. The vertices A, B, C of a triangle have co-ordinates (5, 6), 
(-9, 1) and (—3, —1) respectively. Find the length of the perpendi- 
cular from A on BC. 

The area of the triangle ABC is 

3[5(1+1)—-9(—1—-6) —3(6— 1)]=29 square units. 
Also, distance BO= \/(— 9+8)?+(1+1)?= v40 units. 
. Hence, if p be the length of the perpendicular from A on BO, 

area of the triangle ABC =3.p. /40=29. 


29x 99 _29 
0 units. 
<i) 25-70 N10) =i! S 


Examples I 


1. Find the distance between the following pair 


of points : $ 
() (2, 1) and (8, 9). (ii) (-3, 5) and (9, - 39). 
(ii) (-6, —7) and (4, -9). 
(iv) (a cos a, @ sin a) and (a cos $, a sin f). 
(v) (ats?, 2at,) and (ataa 2at.). 
2, Prove that the point (=2, — 11) is equidistant from 
(S 3, 7) and (4, 6). 
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3. Show that the triangle whose vertices are (—2, — 5), 
(4, — 1), (-1, 0) is isosceles. 

4. If the ordinate of a point equidistant from (8; 7) 
and (6, — 11) be 9, find its abscissa. 

5. Prove that the points (4, 8), (4, 12) and (4+2 /3, 10) 
are the vertices of an equilateral triangle. 

6. Show that the lines joining the point (4, 5) to the 
points (— 2, — 3) and (16, — 4) are at right angles. 

7. Prove that the points (— 2, 3), (—3, 10) and (4, 11) 
are the angular points of an isosceles right-angled triangle, 

8. Show that the lines- joining successively the points 
(-2, —5), (7,— 1), (8, 6) and (-1, 2) form a parallelogram, 

9. Prove that the points (2, —2), (8, 4), (5, 7) and < 
(-1, 1) are the successive angular points’ of a rectangle. 

10. Show that (i) the points (3, — 5), (9, 10), (3, 95) and 
(—8, 10) are the vertices of a rhombus 3 

Gi) the points (—a, —a), (a, 0), (0, 2a), (— 2a, a) are 
the vertices of a square. 

11. (i) Prove that the point (11, 2) is the circum-centre of 
the triangle whose vertices are (1, 2), (3, — 4) and (5, — 6), 
and find the circum-radius of the triangle. 

(ii) Find the circum-centre of the triangle w 
vertices are (1, 1), (2, 3) and (- 2, 9), 

12. A and B are two fixed points whose co-ordinates 
are (2, 4) and (2, 6) respectively ; ABP is an equilateral 
triangle on the side of AB opposite to the origin. Find the 
co-ordinates of P. LH. 8.1961) 


hose 


13. In a triangle ABC, AD is the median bisecting BO. 
Prove analytically that 


AB? + AC? =24D? +2BD?. 


[ Choose rectangular axes with A as origin. | 


a ee 
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i4. Gis the centroid of a triangle ABC, and P is any 
other point on the plane. Proye that 
(i) BO? + 0A? + AB? =38(G4° + GB? + GO’). 
(ii) PA? + PB? + PC? = GA? + GB? + GC? +3GP*. 
[ Choose rectangular axes with G as origin, | 

15. Find the co-ordinates of the points which divide 
the line joining the points (1, —2) and (4, 1) in the ratio 
2:1 (i) internally, (ii) externally. 

16. The co-ordinates of the points A, B, ©, D are 
(-2, 3), @, —2), (6, —8) and (5, 2) respectively. Show 
that AG and BD bisect each other. 

17. Find the areas of the triangles whose vertices are 
respectively, 

a) (@, - 9, (7, 5), (-1, 10). 

(i) 0, 9, (8, 6), (-8, — 2). 

(iit) (6a, 0), (~ 2a, Ta), (— 6a, = 30). 

(iv) (a, b+ 0), (a, b= c), (=a, ¢). 

(v) (a cos a, b sin a), (a cos B, b sin b), 
(a cos y, b sin y). 


48, Prove that the area of the triangle whose vertices 
aro the points (at,", 20t), (ata, 2ata) and (ats*, 2ats) 
respectively is a2(ta — ta)(ta — talta — ts). 

19. Show that the points (1, 4), (8, —2) and (-3, 16) are 
collinear. 

[ The triangle formed by them is of zero area. | 
90. Shew that the points (0, —3), (8, 0) and (5, 2) lie on 


a straight line. 
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21. (i) Find the area of the triangle whose vertices A, B, 
C are respectively (3, 4), (—4, 8) and (8, 6). 
Hence, or otherwise fmd the length of the perpendicular 
from A on BC. LH. S. 1961] 
(ii) The vertices A, B, C of a triangle ABC have 
co-ordinates (5, 2), (—9, 3) and (—3, — 5) respectively. Find 
the length of the perpendicular from A on BO. 
22. Find the area of the quadrilateral whose angular 
points taken in order are (2, 8), (0, —7), (8, - 6) and (6, 11). 
23. Find the area of the quadrilateral whose angular 
points are respectively (1, 1), (3, 4), (5, - 2), (4, -7). 
[ 0. U. 1944] 
24. (i) Show that the straight line joining the points 
(0, —1) and (15, 2) divides the line joining the points ( — 1, 2) 
and (4, —5) internally in the ratio 2 : 8. i 
Gi) If A, B, 0, D are points whose co-ordinates are 
(—2, 8), (8, 9), (0, 4) and (3, 0) respectively, and AB and 
CD are joined, find the ratio of the segments into which AB 


is divided by CD, [ H. S. 1960 ] 
ANSWERS 
1. (i) 10. Gi) 193, (iii) 2 V35. (iv) 2a sin (amp). 
(v) a(t, mta) NE, Fea)? 4, | 
4, 93'5, 14. (i) 10. (i) -rp $2. 
12, 2+ 4/3, 5. 15. (i) 3,0. (ii) 7, 4. 


17. (i) 46 sq. units. (ii) 1 sq. unit. (iii) 49a. (iv) 200, 
(v) 2ab sin $(8 —y) sin }(y—a) sin la- £). 

24. (i) 43 sq. units ; 3 JIT. (ii) 10°6. 

22. 96 sq. units, 23. 20% sq. units, 

24, (ii) 11: 47. 


CHAPTER II 
EQUATION AND LOCUS 


2°1. Equation and Locus. 


If an equation in # and y be given, the co-ordinates 
of any and every point on a plane will not generally satisfy 
the equation. On the other hand, there are innumerable 
points on the plane whose co-ordinates will satisfy the 
given equation ; for we may choose any value of x, and 
substituting that value in the given equation, solve for value 
or values of y whereby the given equation is satisfied. 
We thus get definite point or points with given æ, whose 
co-ordinates satisfy the equation. As « may be chosen 
arbitrarily, the number of points will be infinite. These 
points joined will give us a line (straight or curved) on the. 
plane, the co-ordinates of every point of which, (and of no 
point outside it), will satisfy the given equation. This line 
is defined as the locus represented by the given equation. 


Conversely, if a line, straight or curved, be given on 
a plane, then if with chosen axes on the plane, a relation 
between x and y can be found which is satisfied by the 
co-ordinates of every point of the given line, and which 
holds for no other points except those lying on the line, 
‘then that relation between © and yis defined as the equation. 
of the given line on the plane, with the chosen axes of 
reference. 


For example, given the equation 
g? +y? +6r-4y-12=0, 
we can write it in the form 
(w+ 8)? +(y- 2)" =25, 
o, Je- IPU = 8. 
This relation shows that the distance of the point (a, y) 
from the fixed point (— 3, 2) is 5. [See8 G21) Thus the 


different positions of the point (æ, y) must be at a fixed 
distance 5 from the fixed point (-3, 2). This identifies the 
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locus of the point (x, y) to be a circle with centre (—3, 2) 
and radius 5. This is therefore the locus represented by 
the equation, 


Conversely, suppose a straight line on a plane with 
chosen axes be given, passing through the given points 
(8, 2) and (—1, 5). Then if (x, y) be the co-ordinates of any 
arbitrary point on the line, the area of the triangle with 
(a, y), (3, 2) and (—1, 5) as vertices must be zero, 

Hence, #{u(2—5)+3(5—y) +(-I(y—9)=0. 

[See § 7'4] 
te, —8e-4y+17=0, or, 30+4y=17, 


This being the relation satisfied by the co-ordinates of 
any and every point on the given line, it represents the 
equation to the given line, 


2'2. Every first degree equation in x, y must 
represent a straight line. 


Let ax+by+c=0 + (i) be a given equation of the 
first degree. Clearly, any equation of the first degree in a, y 
is of this type. 


Take any two points A (x1, Yı) and B (Œs, ys) on the 
locus. Any other point P (#5, Ys) on the locus being taken, , 
the co-ordinates of A, B and P satisfy the given equation. 


Hence, atı +by,+c=0 ++ (ii) 

ata +tbya+o=0 + (iii) 

and ats bys tc=0 ++ (iy) 
From (ii) and (iii), by cross multiplication, 


26 b c 


Yı- Y2 Tatı ViVa- Tayı 


<. substituting in (iv), 
AOA Yo) + Ys(%2— a) + iy. = tay) =0 
or, Dilya =Ya) + valys =Y1)+æsly1 —y2)=0. 
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This shows that the triangle ABP is of zero area [ See 
$ 1'4]. Thus, P lies on the straight line AB. As P is any 
point on the locus represented by (i), it follows that the 
locus is a straight line. 

9°3, Transfer of origin, directions of axes remaining 


unchanged. 


Let O be tho origin, and let, Ox’, yOy’ be a set of 
rectangular axes, with respect to which co-ordinates of a 
point P are a, Y. 

Let the origin be t 
co-ordinates referred to 


ransferred to the point O° whose 
the given axes Ox’ and yOy' are 
(a, B), and let the axes XO Xx’, and YO'Y’, which are 
parallel respectively to Ox and yOy’ through O’ be taken 
as the new axes of co-ordinates. Suppose the co-ordinates 
of P referred to this new set of axes be X, Y. 

Let PN be perpendicular to Ox and let it intersect 
xO'X' at N’. Also let YO'Y’ intersect Ox at D. 

Then evidently ON=2, NP=y, O'N =X, N'P' =Y, 
OL=a, LO’ =B, in magnitude and sign. ; 

Now, from the figure, 

ON=0L+LN=0L+0N’ 

and NP=NN’+N’P=LO'+N'P. 
x=Xt+e 
y=Yt8. 


Hence, 
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These are the equations of transformation, connecting 
the old co-ordinates of P with the new ones. 


These equations are easily seen to be true, in whichever 
quadrant O' may lie, provided in writing the relations from 
the figure, we take due notice of the signs of the quantities 
involved. 


Thus, if an equation to a locus or curve be given referred 
to a set of rectangular axes, and if the origin be transferred 
to a position whose co-ordinates are a, f, the axes remaining 
unchanged in direction, the equation of the curve réferred 
to the new axes will be obtained by replacing in the given 
equation x by X+aand y by Y+. 


2'4. Illustrative Examples. 


Ex. 1. Prove that the locus of a point which is always equidistant 
from two given points is a straight line. 

Let sı, Yı and ta, Ya be the co-ordinates of the two given points 
A and B, and let x, y be the co-ordinates of any point P which is 
equidistant from them. Then, PA=PB or PA?=PB?, 

oe (=m) + (y= y)" = (e-e) +(y— Ys)? 

or, 2(x,=w,)w+ (ya =y) y+ (2 +y,7 222 — yo?) =0. 

This being the equation satisfied by the co-ordinates 2, y of any 
position of P, it represents the equation to the locus of P. 

As this is a first-degree equation in a, y, it represents a straight 
line [ See § 2'2 

Ex. 2. A and B are two given points whose co-ordinates.are (—5, 3) 
and (2, 4) respectively. A point P moves in such a manner that PA: PB 
=3:2. Find the equation to the locus traced out by P. What curve 
does it represent ? 

Let x, y be the co-ordinatés for any position of P. 

Then, PA= ,/(c+5)*+(y—3)? and PB= ,/(e—2)?+(y—4)?. By 
the given condition, PA : PB=3: 2 or 4PA?=9PB?, 

“+ Ai(e+-5)?+ (y—3)"}= Ne 9)? +(y—4)"}, 
whence, 5(a:?+y?)—76c— 487+ 44=0, 

As this is the equation satisfied by the co-ordinates of any position 
of P, it represents the required equation to the locus of P. 
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The equation may be put in the form 
sty- Baa syt t= 0, 
or -39 +y- =)? +? = 72, 
or =T + (y—45)* = 6.2. 
This shows that the distance of the moving point v, y from the 
fixed point (72, 44) is constant=6./2. This identifies the locus to be 
a circle with centre (72, 44) and radius 6 ,/2. 


Ex. 3. Prove that the equation 
Qa:? + 25y? — 108x+ 1007 +199=0 
by properly transferring the origin without turning the axes can be 
reduced to the form 


The given equation can be written as 
(x° —12x) +25(y? + 4y) = — 199, 
or, 9(a—6)?+25(y+-2)? =9.86+ 25.4 —199= 225. 
Now transferring the origin to (6, —2) without turning the axes 
ien replacing œ by +6 and y by y—2, [ See § 2'3 ] the new equation 
becomes 


4°50 
9a? + 25y?=225, or, et oh 


Examples II 


1. A point moves so that (i) its distance from the y-axis 
is always —3, (ii) the sum of its distances from the axes of 
co-ordinates is always-9. Write down the equation to its 
locus in each case, 


2, Find the equation to the locus of a point which 
moves so that 


(i) its distance from the point —3, 7 is always equal 
to 4, 


(i) its distance from the y-axis is always half its 
distance from the orign. 


(iii) the rectangle contained by its distances from the 


$ res is equal to a square of side c. 
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3. If the difference of the squares of the distances of 
a moving point from two fixed points is constant, show that 
it traces a straight line. 

4. A and B are two fixed points whose co-ordinates 
are (—3, 4) and (5, — 2) respectively. A point P moves in 
such a manner that the area of the triangle PAB remains 
constant. Show analytically that its locus is a straight line. 

5. If A, B,C are three fixed points whose co-ordinates 
are (a, 0), (—a, 0), (c, 0) respectively, and if P be a movable 
point such that PA*+PB*=2PC*, find the equation to 
the locus of P. : 

6. The co-ordinates of three fixed points A, B,C are 
(8, 4), (—2, 5) and (-—1, -9) respectively. P is a variable 
point such that PA*+PB*+PC*=constant. Prove that 
P traces out a circle. 


7. A and B are two fixed points and P is a movable 
point such that PA: PB is constant. Show that the locus 
of P is a circle, 


[ Choose the middle point of AB as orign, and AB as 
g-axis. ] 

8. A point moves so that its distance from the fixed 
point (2a, 0) is equal to its distance from the y-axis. Deter- 
mine the equation to its locus. 

If the origin be transferred to (a, 0), the axes remaining 
fixed in direction, prove that the transformed equation is 
y’ = 4an. 

9. The sum of the distances of a movable point P from 


the two fixed points (c,0) and (—'c, 0) is 2 constant = 2a, 
Prove that/the equation to the locus of P is 


-a + 5a=1, where a° -b° =0°. 


_ 10. The distance between two fixed points S and S’ 
is 2c. Taking the middle point of SS’ as origin, and SS’ 
as @-axis, determine the equation to the locus of a point P 
which moves so that 


PS- PS'=2a (a constant). 


—_-_ 
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11. Transform to parallel axes through the point (1, — 2) 
the equations 
(i) y? —4r+ 4y+8=0. 
(ii) 2w? +y? —4e+4y=0. 
12. What does the equation 
(a —b)(a? +y?) — 2abx =0 
become if the origin be transferred to Lr 0, axes remain- 


ing unchanged in direction ? 
13. The equation to a curve being 
(1-e*) a? +y? +a" =2dz, 
find its equation if the origin be shifted toy @ Tae, 0, without 


rotation of axes. 


14. By transforming to parallel axes through a properly 
chosen point, prove that the equation 


12w? — 10ry + 2y* + 11s- 5y +2=0 


can be reduced to a homogeneous equation of the second 
degree in v, Y. 


ANSWERS 


1. (i) e+8=0. (ii) aty=9. 2. (i) a +-y?+62—14y4-42=0., 


(ii) y= +æ y3. (iii) ay=c?. 5. ani. 
2 Shs Re 
8. y?=4a(e—a). 10. ai gaT 11. (i) g2= 


gyi 2 ra (ey. ap I? de 
(i) 2 nat 1. 12. z°+y ( z) 18 ert js) 


P CHAPTER III 
g STRAIGHT LINES 


3'1. Standard forms of the equation of a straight 
line. 


In the previous chapter we have seen that a first degree 
equation always represents a straight line. Now the 
position of a given straight line on a plane may be fixed up 
in various ways, and according to each way of defining the 
position of a line, we get a definite form of the equation to 
the line, Tho standard forms of the equation to a line are 
given below : 


(A) Intercepts on the axes are given in magnitude and 
sign. 


Let a straight line AB intersect the axes of # and y 
at A and B respectively, and let the intercepts OA and OB 
on the axes be a and b (given in magnitude and sign) so 
that the position of the line is definite. 


Let (x, y) denote the co-ordinates of any point P on the 


line, Let PN be the perpendicular from P on OX, so that 
ON=2, NP=y. 


Now the triangles PNA and BOA are easily seen to be 
similar, 


NP_NA  y a= © 
OB OU a T Stat 


srrarour tives 8-CER.T., Wegt Sex 
Data... l. On mSS 


ino ot Bec. NODA... 


which being the relation satisfied by the co-ordinates x, y 
of any point on the line, is the equation to the line. 


Alternatively 


The CO Ordina TEE of A and B are evidently (a, 0) and 
(o, b) respectively. Now P being on the straight line AB, 
the triangle PAB is of zero area. 


Hence, t{2(0 - b) + alb- y)+0(y—0)}=0, 
or, —xb+ab-ay=0, whence 3 SP 4 =]. 


(B) Straight lines parallel to a-axis or y-axis. 


Y M 


ZEST We, 


fos Library 


Calcutta 


Be, X° 
En 


eS 
x 
e 
XC 


For a straight line BZ parallel to the w-axis, if its 
intercept OB =b, then clearly the distance of every point 
of it from the a-axis being the same, namely 6, the y-co- 
ordinate of every point of it is b, whatever its #-co-ordinate 
may be. Hence, its equation is i 

y=b. 

Similarly, for a straight line AM parallel to tho y-axis, 
if its intercept OA on the a-axis be a, the equation will be 

x=a. 

Conversely, equations of the form #=a, or y=b, in 
which one co-ordinate is absent, represent straight lines 
parallel to thevj-axis or to t i ə case may bo. 


a! OGNT Ue, 
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Note. It may be noted that when a straight line becomes parallel 
to the y-axis, its intercept on the y-axis, b->co, and so the equation 
to the line, from (A), reduces to the form aah, ie, w=a. Similarly] 
for lines parallel to the x-axis, the equation reduces to the form y=b. 


(C) Intercept on the y-axis, and inclination to the x-axis 
are given. 


Let a straight line, inclined at a given angle 0 to the 
a-axis, intersect the y-axis at C, and let the intercept OC 
be given to be c (in magnitude and sign). 0 and c being 
given, the position of the line is definitely fixed. 


Let (x, y) be the-c6-ordinates of any point P on the 
line. PN being perpendicular from P on OX, we have 
ON=2, NP=y. Now CD being perpendicular from C on 
NP, LP=NP-NL=NP-OC=y-c, and CL=0N=v. 
Also L PCL= 6, 

Te 
tan o= GP 1- oS, y=c tan 0+¢. 


Denoting tan 0 by m, 
y=mx+e (m=tan 6). 
This being the relation satisfied by the co-ordinates of 
any point on the line, it represents the equation to the line. 


Note. m(=tan @) is defined as the slope or gradient of the line. 
The angle 0 may be acute or obtuse, and hence m may be positive or 
negative according to the position of the line. When the line is 
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parallel to the z-axis, @=0, and so m=0. The equation to the line 
then reduces to the form y=c [ See (B) above J]. If 0=90°, m—> œ 
or is 0. The equation to the line reduces to the form a=a in this ` 
case [ See (B) above J. 

(D) Straight line through a given point (zı; Y1), and 
making a given angle 0 with the v-axis. 


Let A be the given point (%4, Y1) and P any point (x, y) 
on the line, whose inclination to the a-axis is 0. 


Y 


(zu yA A 


Let AM, PN bo perpendiculars on OX, and AL per- 
perpendicular on PN. Then, L PAL=9. 


COLEEN PEMA WO St; 
Now, tan 0-A MN ON-0M s-r, 
^ y-Yy1=(@-23) tan 0=m(x =x), where m=tan 0, 


SEXIE IENA 
cos@ sind 


or, 
any one of which represents the required equation to the 
line. 


(E) Straight line passing through two given points (71,y1) 
and (2, Ya). 
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Let A(x1, Y1) and Blv2, ye) be two given points through 
which a straight line passes, and P(x, y) be any point on it. 


(22,92) p ED 
N (1, y) B 


A 


Draw AL, BM, PN perpendiculars on OX, and lot AFG 
be drawn parallel to OX, intersecting BM and PN at F 
and G respectively. 


Then, triangles PAG and BAF are evidently similar. 
AG _GP o ON-0L_NP-LA, 

AF FB *OM-OL MB-DA 

Mike ee Vee VA 

Xe>X1) Yaya 


y2- V1 
XE 
aera xa), ~ 


° 
oo 


or, Y-Y¥a= 
any one of which represents the required equation to the 
line, 


The slope of the line, m a 1 


in this case. 
1 


(F) Perpendicular distance p from the origin on the line, 
and the angle a which this perpendicular makes with the 
@-awis are given. 

Let the straight line intersect the axes at A and B, 


and let p be the perpendicular ON to it from the origin, 
and a the angle XON made by ON with the z-axis. 
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i Clearly, OA = ON sec AON =p sec a, and 
OB=ON sec NOB =p sec (90° —a)=p cosec a. 


i. We 


Library 


l These being the intercepts on the axes, the equation 
to the line is 


LE ete) 
pseca pcosec a 


=1 or x cosat+y sin «=p. 


Note. Here pis always taken with a positive sign. The angle a 
however may haye any value, positive or negative, acute gr obtuse. 
According to the quadrant in which ON lies, the signs of cos a and 


sin a will become definite. 

3'2. Reduction of the most general equation 
ax+by+c=0 of the first degree of a straight line to 
standard forms. 


| It may be noted that the most general form of the 
| equation of a straight line, namely as +by+c=0 can be 
reduced to any of the standard forms given above. 


À For instance, the above equation may be written as 
ax t+by=—¢, 
T u 
Aii =] 
or, ta i 
a b 


which is of the form (A), showing that the intercepts on the 


c c A 
axes of x and y are — S and — b respectively. 
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Again, we can write the above equation as by= —ax—c 
Rie, ee, 

OF JG ea ; 
which is of the form (C), showing that its slope on the 
x-axis, OF m= — a and its intercept on the y-axis is — z G 

Further, the general equation az+by+c=0 can be 
written as az + by = — o, or dividing by + Ja*+6?, we can 
write it as 

a b SH 


= Jotto t E Jat toT E Jatti 

which is of the form (F), as can be evidenced by writing 
b 

+ Ja?+b? 


pendicular from the origin on the line, p= 


a : 
cosa aap whence sin a= The per- 


+ Ja +b? 
(where that sign in the denominator is to be taken which 
makes the perpendicular p positive in sign). The sign of 
the denominator being thus fixed, the angle a is given by 


a 


cos a= ——-— and sin a= =’ which will have 
+ Va? +b? 


+ NVa +b? 
their magnitudes and signs definite, and accordingly a will 
be definitely known, i.e, the quadrant in which the per- 
pendicular from the origin on the line falls is known and 
p being known, the position of the line is fixed up. 

Note. That the intercepts of the line az+by+c=0 on the axes 
are —c/a and —c/b can also be obtained by putting y=0 and c=0 
respectively in the equation. 


3°3. Point of intersection of two given lines 
ayx+biy +e; =0 and aoxxt+boy+co=0. 

At the intersection point both the equations being 
satisfied, we get by solving the equations as simultaneous 
PE N A R 
bio ~ boc =, C182 —C2a, 7 azbe- ab, 
the co-ordinates of the point of intersection. 


equations, giving 


3 
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3'4. Equation of a straight line through the point 
of intersection of two given lines ayxtbiyte,=0, 
aox+boy+C2=0. 


(G) The co-ordinates of the point of intersection of 
the two given lines, by solving the simultaneons equations 
(as in § 3°3) are 

— bie — beer, C1đe — C2đ1, 


ieac oa A Ca TA 


Now any line through %1, Y1 is 
y—y,=m(e-2,) 

where m is arbitrary and different for different lines. 

(ii) The equation (ayx-tbiy+¢1)+k(aox + bay + C2) =0 
is clearly a first degree equation, and thus represents a 
straight line, Again, at the intersection point of the two 
given lines the aboye equation is satisfied for all values 
of k, since each of the bracketed portions is zero there. 
Thus the equation always represents a straightline passing 
through the intersection of the two given lines. For 
different values of k, it represents different such lines. 


3'5. Condition that three given lines, a4x+b4y + C4 
=0, azx+b2y+€2=0, asxt+bsy+¢s=0 may by con- 
current. 


The point of intersection of the last two lines (by 
solving them as simultaneous equations) is easily seen to 
have co-ordinates 


0308 Osta Colg —CgG 
g= § sCe, , —Cebs ELEN 
aibs = Gaba) MATO ALOR 
The first line will pass through this point only if the 


above co-ordinates satisfy its equation. Hence, the required 
condition that the three lines may be concurrent is 


bots = bass) (css — Cgo 
al =G503 PO abs — a w= 
or, a1(b2Cs — bat2)+ bi(coag — C342) + C1 (abs — ashe) =0. we 
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3°6. Condition that three given points (x4, yı), 
(Xo, Y2), (Xs, Ya) are collinear. 


A, B, C denoting the given points, if they be collinear, 
the triangle formed by them is of zero area. For this the 
condition is [ from § 7'4 ] 

X4(Y2—Ys)+Xo(¥s —y1)+xXa(y1 - y2)=0. 


Note. The above condition can also be deduced by writing down 
the equation of the straight line through any two of the points, and 


using the condition that this equation is satisfied by the co-ordinates 
of the third point, 


3°7. Angle between two given lines. 
(A) When the lines are given by the equations 
Y=M1B4Cy, Y=MertCo. 


Let 0, and 0a be the angles made by the given linés 
with the x-axis. 


NG 


Then, tan 0,=,, tan 0a =Ma. 


Now ¢ being the angle of intersection between the 
two lines, clearly $=0,~0.. 
* tan d= 


Thus, $ is known. 
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(B) When the lines are given by the equations 
a,0+b,y+c,=0 and aa% +boY +c =0. 


Here the slopes of the lines are clearly given by 
m,= —2 m= e 
=v z by ba 


Hence, by (A) bove, 


(-#)-(-#) 
bi bol _ 24b2 “azb, 

yp rte a132 +b1b2 

bibs P 

Cor. The two lines will be parallel to one another when ¢=0; 
hence the condition of parallelism is 


tan f= 


m,=m (4 = A 
ie ye az ba 


The two lines will be perpendicular to one another when ¢=37 or 
cot #=0, giving 
1+m,m.=0 or mymg=—1 or a182 +b,b2=0 


eps a 
as the necessary condition. x 


! Note. From above, it is clear that any straight line parallel to 
2 y=m,a-+c, may have its equation taken as $ 
y=m,a-,c2, Where'ca is arbitrary. 

Similarly, any line parallel to a,e+b,y+c,=0 may have its 
equation assumed in the form a,¢+b,/+c.=0, where c, is different for 
different such lines, 

Again, any line perpendicular to y=m,a+c, can be taken,to be 


y= -Ł æ+ca, and any line perpendicular to a,z+b,y+t,=0 may be 
1 
assumed as b,\a—a,7/+¢.=0, where c, is arbitrary in both cases, 


These assumptions are very useful in working out examples. 


| 3'8. Illustrative Examples. 


Ex, 1. Find the equation of the straight line passing through the 
point (—5, 3) and perpendicular to the line x—2y+6=0, 
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Any line through (—5, 3) has its equation of the form [ See § 3'1, D] 
y—3=m(e+5) e (i) 
The given line is 27=2+6 or y=łs+3, showing that its slope ‘m’ 
is 3, 
Now, (i) being perpendicular to this line, the necessary condition 
gives mxġ=—1 or m=—2. 


Hence, (i) becomes 
y—3=—2Ae+5), or 2r+y+7=0 
which is the equation of the required line, 


Ex. 2. Obtain the equation of the straight line which passes 
through the intersection of the lines 22—3y+4=0 and 3x+4y—5=0, 
and has equal intercepts of the same sign along the axes. Find the 
perpendicular distance from the origin on this straight line. 


Any line passing through the intersection of the two given lines 
can have its equation written in the form 
2r—3y+4+k(3r+4y—5)=0, 
or, (2+3k)e+ (4ke—3)y+(4—5k)=0 - (i) 
Its intercept on the c-axis (by putting y=0 in the above equation) 
5k-4 
243k 


is 
5k—4, 
4-3 

As the two intercepts are equal in magnitude,,and are of the same 
sign, we have 


Similarly, (putting «=0) the intercept on the y-axis is 


a or, 2+3k=4k—3, whence k=5. 
Substituting in (i), the equation of the required straight line is 
‘ UWa+17y—21=0, or, 17e+1Ty=21 m (ii) 


If p denotes the perpendicular distance on itfrom the origin, and if a 
be the angle which this perpendicular makes with the positive direction 
of the w-axis, then the equation of the line can be written as 

æ cos a+y sin a=p (ies Sore 

As this is identical with equation (ii), comparing coefficients, we 

get 
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» m -= a en E 
aig () +\o1) —1siving p= igam 


21 21 
whence, P=37 a7 34 N? 
As the perpendicular from the origin on a line is always taken as 


positive, the positive sign of the square root is taken. 


Ex. 8. Find the equation to the straight line which passes through 
the point (—4, 8) and is such that the portion of the line between the 
axes is divided at the point internally in the ratio 5 : 3. 


Let P be the point (—4, 3), and let APB be the line intersecting 
the axes at A and B, such that AP: PB=5: 3. 

Let the intercepts OA and OB on the axes be a and 6 respectively 
in magnitude and sign, Then co-ordinates of A are evidently (a, 0) and 
those of B are (0, b). 

The co-ordinates of the point P which divides AB in the ratio 5: 3 
are then 


5.0+3.a 5.b+3.0 . 3a 5b 
fea ee a Oy 
5b 32 
Thus, “Mot and, ẹ=3. Hence, a=—>+ b= The equa- 


3 Naf 3: 2 
tion to the line AB then, having intercepts — a and 28 along the axes, 
is 


+=], ie, 9 —20y4-96=0. 
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Ex. 4. Find the equations to the straight lines passing through the 
point (5, —1) and making an 
angle of 30° with the line 
22—-y—T=0. 

Any line passing through 
(5, —1) is y+1=m(a—5) --- (i) 
The given line 

y=20—-7 

has its ‘m’=2. 

If (i) makes an angle 30° 
with it, we have 


2m 
: om 
eae ae Sree 
1 2—m m—2 
MBAS WS 12m E 1+ 2m’ 
„23-1 _2v/3+1 
mB SS 2= 38 
Hence, the equations to the required lines are 


2 1 2/341 
y+1= 2+ JB (w—5), and g+=- J3 (w—5). 


Examples III(a) 


1. Obtain the equation to the line inclined to the 
g-axis ab an angle 60°, and haying its intercept on the 
a-axis equal to — 1. $ 

2. Find the equation to the line passing through the 
point (- 7, 3) and having its intercept on the w-axis equal 
to —5. 

3. Find the equation to a straight line passing through 
the point (—2, — 3), and haying equal intercepts of opposite 
sign on the axes. 

4, Find the equations to the straight lines joining the 
pair of points 

G) (=8, 7) and (-—1, —2); (ii) (0, — 8) and (7, 0); 


(iii) (- 2, 6) and-(—2, — 4). 
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5. Show that the equations of the straight lines joining 
the points 


(i) (ata, 2at,) and (ate*, Yate) is 
y(t, +t.) — 2x =Qatsts. 


(ii) (a cos 0, b sin 0) and (a cos 6’, b sin 6’) is 


© 1 na Y 
a CoS g O+6)+ 5 


sin j (0 +0')= cos FT (0-6’). 

6. Find the equation to the straight line joining the 
origin to the point of intersection of the lines 2a—-5y=1 
and e+ 3y+7=0. 

7. Find the equation to the straight line passing 
through the point (—2, 1) and also through the intersection 
of the lines 2c — 3y +5=0 and a+ 4y-7=0. 

8. (i) Obtain the equation to the straight line passing 
through the point (—1, 2) and perpendicular ta the line 
Bat4y=5 [ H. S. 1960, Comparimenial } 

(ii) Find the co-ordinates of the foot of the perpendi- 
cular from the point (8, —6) on the straight line 22 —3y+5 
=0. £ 

9. (i) Show that the points (1, 4), (3, —2) and (-3, 16) 
are collinear. 

(ii) Prove that the points whose co-ordinates are 
respectively (ő, 1), (1, —1) and (11, 4) lie on a straight line 
and find the intercepts of this line on the axes. 

[ H. S. 1961, Comparimental ] 
40. If the points (a, b), (a’, b'), (a—a’, b—b') are colli- 
near, show that their join passes through the origin, and 
ab’=a'b. E 
11. (i) Prove that the three lines 2%-7y+10=0, 
3r- 2y-2=0 and «—7y+12=0 meet in a point. 

(ii) Find for what value of & the three lines ~~ y+5=0, 

e+y=1 and y=ke+13 will be concurrent. 


Find also the point of concurrence. 


3 
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fe. Find the equation to the perpendicular bisector of 
the straight line joining the poinis (—2, 7) and (8, —1). 
At what distance is this perpendicular bisector from the 
origin ? [ H. S. 1961] 

13. Determine the equation of the straight line which 
passes through the intersection of the lines given by 
82 —4y+1=0 and 5r+y=1, and has equal intercepts of 
the same sign along the axes. [ H. S. 1960 ] 

“4. A straight line passes through the intersection of 
the lines 3% — Ty +5=0, «—2y—7=0, and has equal inter- 
cepts of the same sign along the axes. Find the length of 
the perpendicular on it from the origin. 

LH. S. 1961, Compartmental ] 

v15. A straight line is drawn through the point (3, 5) 
such that the point bisects the portion of the line intercepted 
between the axes. Find the equation to the line, and 
calculate its perpendicular distance from the origin. 

[ H. S. 1960, Compartmental ] 
v16. The portion of a straight line intercepted between 
the axes is divided internally in the ratio 2: 3 at the point 

(—9, —2). Show that it passes through the point (0, —5) 
and is perpendicular to the line y = 3a. 

AT. (i) Find the equation of the line joining the point 
of intersection of the line «+ 3y+2=0, 22-y—38=0 to 
the point of intersection of 7a-y—3=0, 2e—5y—15=0. 

(ii) Bind the equations of the diagonals of the paralle- 
logram formed by the lines 4x -5y -7=0; 4a—5y—14=0, 
3a+Ty-8=0, 32+ 7y—12=0. 

18. Determine the angle between the lines y=4(«—5) 
and a+3y=Q2. Also find out the equation to the line through 
their point of intersection making a positive angle 60° with 
the positive direction of the v-axis. 

19. Show that the lines x cos a+y sin a=p, 

a cos (a+ $x) +y sin (2+ $n)=p and 
x cos (a— $a) +y sin (@—2)=p form an equilateral _ 
triangle. 
[ Angle between each pair is 60° ] 
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20. Find the equations of the two lines through the 
point (3, —1) which make an angle 45° with the line 
9¢ —y=2. 

21. In any triangle, show analytically that 

(i) the medians are concurrent 


(ii) the perpendicular bisectors of the sides are con- 
current 

(iii) the perpendiculars from the vertices on opposite 
sides are concurrent, 

22. Find the ortho-centre of the triangle 

(i) whose vertices are (2, 7), (— 6, 1) and (4, - 5). 

(ii) whose sides have equations 2s+7y+24=0, 
4w +y=4, and v- 3y=1. 


23. Find the area of the triangle formed by the straight 
lines whose equations’ are œ +2y-5=0, y+2v-7=0 and 
a-yt+1=0. 

Find also the co-ordinates of the circum-centre of the 
triangle. 
| 24. Show that the feet of the perpendiculars from*the 
origin to the lines > 
a+y—4=0, «+ 5y—26=0, 15x- 27y- 424=0 
all lie on a straight line, and find the equation of this line. 


S 2. A line moves so that the sum of the reciprocals of 


its intercepts on the two axes is constant. Show that it 
always passes through a fixed point. 


ANSWERS 
1, y= N3(@+1). 2. 3a+-2y4+15=0. 3. xv-y=1. 
4, (i) 9u-+2y+13=0. (ii) 8a—Ty=21. (iii) e=—-29, 


6. 32y=1dz. 7. 8r—23y+39=0. 8. (i) 42-8y+10=0. (ii) 2,3. 


9. (i) Sand 1}. 11. (ii) F=5; —2,3, 12. 5e—4y=3; a 
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13. 232+23y=11. 14. 85/ V2. 15. Stl; 3 L 
17. (i) 2s- y=3. (ii) 5z+69y=28, 37Tz+29y=112. 
18. 45°; 5y+3= ./3(5r—19). 20. 3x+y=8, v—3y=6. 
22. (72, 47); (Hs —15)- 23. 3; (0. 24, 3r+y=8. 


3'9. Length of perpendicular from a given point to 
a given straight line. 


(i) Perpendicular from the point P(e, Ya) to the straight 
line AB given by the equation ax +by +c=0. 


A and B being the points of intersection of the line 
with the axes, from its _ equation axz+by+c=0, the 
intercepts OA and OB (putting y=0 and 7=0 respectively) 


c 
are = A and b 


s cy (Sa ee 
s AB=a/(- 2) + s) + Jato. 

PN and PM being the perpendiculars from P(x,, y,) on 
the axes, PM=21, PN=11- 


Let p, be the required perpendicular from P on AB. 


First method : 
A PAB= AOAB- APOA- APOB. 
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<. 4p;-4B=404.0B-4PN.0OA-4PM.OB, 
or, RESA Jazze) -(- e)(- £) 
c c 
nli) =s) 


or, +01 Ja” +b? =ar, +by, +c. 
_axaitby,te 
Pies Ja2+b? 
Second method : - 
P, A, B haye co-ordinates (a, va)( = z ; o) and (0, - e) 


respectively. 


c 


SPA PAB 5 fea o+ e)+(- £\(- b -v1 ) +0 -0} 


: — 1 (cr, , c* , cts), 
J tp. AB= 5 (349,42) 


es ax, +by,+ 
‘or, D1 (2% Jaro) =“ = tinto, 
s 48, +b to, 
a Pe AR 


Note. To choose the proper sign of the denominator, it should be 
noted that the perpendicular from the origin (0, 0) to the line is always 
taken as positive. 3 

.'. the sign of the denominator should be taken same as that of c, 
as is apparent by putting x, =0, y,=0. 

The perpendicular distance of the point P from the line AB is thus 
positive, if P lies on the same side as the origin with respect to the 
line AB. For this case aw, +by, +c has the same sign as that of c. 
If P be on the opposite side of the origin with respect to the line AB, 
the perpendicular from P on AB will be negative, and in this case, 
az,-+by,-+e will have its sign opposite to that of c. In this connec- 
tion, see § 3°10. 
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(ii) Perpendicular from the point P(x, Yı) to the line 
@ cos a +y sin a=p. i 


Here, from the equation to the line, the perpendicular 
from the origin on it is ON=p, and ON makes an angle a 
with the a-axis. 


Let pı be the perpendicular from the given point 
P(x, yx) to the given line AB. If A’B’ denotes the parallel 
line through P, clearly ON is perpendicular to A'B’ as well, 
and the perpendicular OM from O on A'B’ is clearly p- p1. 


Hence, equation to the line A'B’ is 
æ cos a +y sin a=p-— pi. 
As it passes through P(x, Y1), we must have 
@, cos a +Y, Sin a=p- pi. 
6 p1=p—X1 cosa—yi sina. 
Note. Case (i) can be deduced as a corollary to (ii), for the 
equation to the line being of the form az+6y+c=0, it is reduced to 
i Perrys aso 5 az+by+c 
the form of (ii) by dividing by+ ~/a*+b” [See § 3'2]. Thus Saas 
(when proper sign is selected) is of the form p—acosa—ysin a, 
p being positive and Se also positive by proper choice of sign. 
3°10. Theorem. 
The points (1, Y1) and (az, Ys) are on the same side 
or opposite sides of the straight line ax +by+c= 0, according 
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as the expressions atı +by, +c and ar,+byote are of 
the same or opposite signs. 


y; B 


Po (ea ya) 


Let Pı and Pa be the points (v4, y1) and (sa, Y2) and 
AB the straight line aw+by+c=0. sve ss (i) 
Lot the line P,P. intersect AB at Q where the ratio 
P,Q: QP. is 4:1. Then the co-ordinates of Q are 
sattı, Wet, 
aAt+1 thai 9 
As Q lies on AB, these co-ordinates must satisfy the 
equation (i). 


Ate +T Alo + Uy z] 
r OE eN 


or, Aaa, +bya+c)+ (av, + by, +c)=0; 


Hence, a 


-4 +byi +c. 
ata +bya +c 


If P, and Pa be on opposite sides of AB, @ must |be 
within P,P, and so the ratio 2: 1 is positive ; if P, and Pa 
be on the same side of AB, @ must be external tol AB and 
so 4: 1 is negative. 


Hence, Pı and Pa will be on the same or opposite sides 
2 _ atytbyyte . < AT 
of AB according as aaa bya ED is negative or positive, 


ien as azı +by, +C and ata +bya+c are of the same or 
opposite signs. 
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Cor. The point P, (zı. yı) is on the same side of the line 
az+by+c=0 as the origin if ax, +by, +c is of the same sign as of c. 
3°11. Equations of bisectors of the angles between 
two given straight lines 
ayx+biyy+e,=0, acxt+boyt+ceo=0. 


Any point v1, Yı (say) on any of the bisectors must be 
equidistant from the two lines, so that the perpendicular 
distances from it to the two lines must be equal in magni- 
tude. If it be on the bisector of the angle in which the 
origin lies (as at P) both perpendiculars must be of the 
sams sign, because the point and the origin lie on the 
same side with respect to each of the lines. On the other 
hand, if it be on the bisector of the angle in which the 
origin does not lie (as at Q) clearly it must be on the 
same side of the origin with respect to one of the lines 
(AB), and on opposite side of the origin with respect to 
the other line (GD). Hence, the two perpendiculars, being 
equal in magnitude, must be opposite in sign. 


Hence, for points on one of the bisectors, 
42, +4, +0, _ Mo%1 tot + Co 
Jathi? Ja? tbe? 
and for points on the other, 
Oy) ty Hey _ _ Go + boty tee, 
“Nay? + bi? Nae? tba” 
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Hence, the equations to the bisectors of the angles 

between the two given lines (č.e., the locus of 2, y1) are 
aixt+biytes_ 4 a2Xtbe +c, 
NAC? E 

Note. Ifc, and c, be of the same sign, the + sign on the right- 
hand side will give the bisector of the angle in which the origin lies, 
and —sign will give the other bisector. 

If c, and c, be of opposite signs, the — sign on the right-hand side 
will give the bisector of the angle gonteining the origin, and + sign 
will give the other bisector. 


3°12. Illustrative Examples. 


Ex. 1. Find the perpendicular distance from the point —2, —7 to 
the straight line Ty -24a=10. Is the point on the same side of the line 
as the origin, or on the opposite side ? 

The equation of the line can be written as 

247—Ty+10=0. 
The perpendicular distance from (—2, —7) on it is given by 
24. (=2)—7(=1) +10 
E N24" +7” 

The proper sign to be chosen for the denominator here is + (same 
as the sign of the constant term +10). 

=48+49+10_11, 


+25 25 


Hence, p= 


As 24(—2)—7(—7)+10 (i.c, +11) has the same sign as of the 
constant term +10, the point (—2, —7) is on the same side of the 
given line as the origin. 

The perpendicular from the point on the line is thus to bo asso- 
ciated with positive sign, as has been found to be the case. 


Ex, 2. Find the bisector of the angle containing the origin between 

the lines 4a —3y+5=0 and 54-12y—2=0., 
The bisectors of the a between the given lines are [ Seo 
§ 3:11], 
4y—3y+5_ | 5r-12y—2 


4243? 52+ 192 


E Tipi 
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Of these, (by note of § 3°11), the —sign on the right-hand will give 
the bisector of the angle containing the origin (*.* here 5 and —2 are of 
opposite signs). 

Thus, the required bisector is 

4a — 3y+5 _ DEE 124-2, 
5 13 
or, Tiz—99y+55=0, ie, Tx—9y+5=0. 

Ex. 3. If (z1, Yı), (ta, Ya) and (£s, Ys) be the co-ordinates of the 
vertices of a triangle, and a, b, c respectively be the lengths of the sides 
opposite to these vertices, then the co-ordinates of the in-centre of the 
triangle are 


atit baton, png ath + bis + cys, 


at+b+c or atob+c 
X A (zuy) 
b 
¢ 
Clas, ys) 
D 


B (z2, Ya) 


Let A, B, C denote the vertices having co-ordinates (a1, Y1), (wo, Ya) 
and (£s, Ys) respectively ; BO=a, CA=b, AB=c, 
Let AD be the bisector of the angle BAC, meeting BC at D; then 
we know from geometry that 
BD: DC=AB: AC=c:b. 


.'. the co-ordinates of D are [ See § 1'3] 


+ Hence, BD= nae 
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Now, BI being the bisector of the angle ABC, meeting AD at J, 
Tis the in-centre of the triangle ABC. 


I_BD_ ac 


D. aa 
Also, TA BAT beo 07e tO). 


Thus, the co-ordinates of Dand A being known, the co-ordinates 
of Tare 


a. a, (brome a. gat (be): abua 
a+(b+0) out a+(b-Fe) 


av, +br.ter,, ay, +b. +cys 
Caer ne Dis teys, 


gen a+b+c a+b+c 


Examples III(b) 


1. Find the perpendicular distance (i) from the point 
(-1, —8) to the straight line 5r—12y+8=0, (ii) from the 


point (a, b) to the straight line = = 3 =1. 


2. Show that the distance of the point (—5, 2) from 
the point (- 1, —1)is equal to its perpendicular distance 
from the straight line 4(y— 1) = 3(a — 2). 


8. Show that the point (—3, 1) is equidistant from the 
two lines 47 —3y=2 and 24r + 7y = 20. 


4, Find the perpendicular distance of the point of 
intersection of the two lines 24+3y+6=0 and 5a—y-19 
=0 from the line 6¢-—Sy=0. What are the co-ordinates 
of the foot of the perpendicular ? 


5. Find the points on the y-axis whose perpendicular 
distance from the straight line 5y = 12% — 16 is 2. 


6. Hind the distance between the parallel lines 
3x —4y+7=0 and 8(2—-2)=4y—3, 


7. (i) Show that the product of the perpendiculars from 
the two points (+ 4,0) on the straight line 3% cos 0 + 5y sin 0 
=15 is independent of @. 
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Gi) Show that the product of the perpendiculars 
drawn from the two points (+ s/a? —b,0) upon the straight 
line 
y 
b 

8. (i) Find the perpendicular distance of the point (2, 2) 
from the line joining the points (—5, 1) and (3, — 5). 

(ii) Prove that the points (2, — 6) and (— 4, — 12) are 
equidistant from the line joining (1, — 4) and (— 3, — 14), and 
are on opposite sides of it. 

9. Show that the points (2, — 3) and (—4, —9) are on 
opposite sides of the line 5r-7y-11=0. Which of the 
points is on the same side of the line as the origin ? 

10. Prove that the origin is inside the triangle whose 
vertices are (2, 1), (3, - 2), (- 4, —1). 

[ The origin lies on the same side with each vertex with 
respect to the line joining the other two. ] 

11. Find the bisector of the angle between the lines 
122+ 5y = 4 and 3x+4y+7=0 containing the origin. 

12. Find the bisectors of the angles between the lines 
240 -7y -2=0 and 3y-4s+7=0, and verify that these 
bisectors are at right angles. Which of these bisect the 
angle in which the origin lies ? 

13. Find the in-centre of the triangle 

(i) whose vertices are (-1, — 2), (- 1, 3) and (11, - 2). - 

(ii) whose sides are v=3, y= -4 and 3% +4y=17. 

14. The algebraic sum of the perpendicular distances on 
a straight line from the three given points (5, — 3), (—2, 4) 
and (—38, —7) is zero. Show that the straight line passes 
through a fixed point. 


> cos0+ F sin @=1 Ž_isb?. 


ANSWERS 
f f J 49) 
Las Gi) ae 4, 5; (0,0). 5. (0,9) ana (0, £ al 
6. 2 8. (i) 5. 9. (—4, —2). 11. 992+777+71=0. 


12. 44a—22y—87=0, 4w +8y+33=0 ; latter. 
13. (i) (1, 0). (ii) (5, —2). 


CHAPTER IV 
CIRCLE 


/41, Circle of given radius, with centre at the 
origin. 
Y 


P (z, y) 


y 

Let a be the radius of a circle whose centre is at the 
origin O. If P (æ, y) be any point on the circle, Ithe 
distance OP =a, 

or, OP?=a7; s+ x*+y7=ar. 

This being the relation satisfied by the co-ordinates 
(a, y) of any point on the circle, it represents the equation 
to the circle. 

_ 42. Circle of given radius, with centre at any given 
point. 
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Let C (a, f) be the centre, and a the radius of a circle. 
If P (x, y) be any point on the circle, the distance CP=a, 
or CP?=a"; se (x—a)?+(y-8)?=a?. 

This being the relation satisfied by the co-ordinates 
(x, y) of any point on the circle, it represents the equation 
to the circle. 


Note. From above it is clear that any circle, with centre any 
where (say a, 8) and radius of any length (a say) has equation of the 
form 

x? +y? —2ax— 284+ (a?+8? —a?)=0, 
ien of the form a?+7?+2gx+2fy+c=0 
where g, f, c are constants. 


This is thus the most general form of the equation to a cirole. 
[ see also § 4'3 and its note J 


For a circle with centre as origin, g and f are zeroes. 
| £3. To show that the equation 
x? +y?+2ex+ 2fy+c=0 
always represents a circle (for all values of the constants 
4, f, c), and to find its centre and radius. 
The given equation can be written in the form 
a? + Iga 9? +y? + Ify +f? =g +f? =o, 
or, (w+9)*+(y+f)? =9° +f? -c, 
or, {e—(-a)* +fy—(—fP =(Vg? +f? Eo). 
This shows that the distance of the variable point (2, y) 
from the fixed point (—g, ~f) is a constant= J/g? +f- c. 
Hence, the locus represented by the equation is a circle, 
with centre (—g, —f), and radius Vg? +f? ~c. 
Note. The equation may be multiplied by a constant factor a, 


and putin the form 
aa? tay? +29'a+2f'yto'=0 .. ate eri) 
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This also represents a circle, but the centre here is not (-9’, -f), 
nor is the radius = ,/g+f—c'. Im fact, whenever in a second 
degree equation (in rectangular co-ordinates) the coefficients of x? and 
y? are equal, and there is no term involving the product zy, the 
equation represents a circle. The equation (i) is thus the most general 
form of the equation to a circle. To get its centre and radius, we are 
to divide out the equation by the common coefficient a of ° or y°, 
and reduce it to the form «2+y?+2g2+2fy+c=0. Then (—g, —f) are 
the co-ordinates of the centre, and ,/g?+f#—c is the length of the 


radius. 


4'4. Circle with the given points x1, yı and Xo, Yo 
as extremities of a diameter. 


Piz, y) 


Ww 
NG (2) Ya), 


A (tı, v1) and B (ws, Y2) being the extremities of a 
diameter, the mid-point of AB, whose co-ordinates 
are +(e, +s), $(y1t+Ys) is the centre, Also the radius 


=44B =ł NORD Ya)”. 
Hence, the equation to the circle is 
fu- be, +a)? + fy tlu Hya) 
= Hv, = 2)? + (va = Ye)" (0) 
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Alternatively 
P being any point (œ, y) on the circle, AB being a 
diameter, PA and PB must be at right angles. Now ‘m’ 


of PA is —"2 and that of PB is /—"2. [See § 31(E)] 
T-T, tg 


Hence, for PA and PB to be at right angles, 
V= YY 1, 
C2, d- Ta 

or, (x-x)(x-x2)+(y-y4)\(y-y2)=0 EEC) 
which being the equation satisfied by the co-ordinates of 
any point P on the circle, it represents the required equa- 
tion to the circle. 

Note. It may be noted that the forms (i) and (ii) are identical, 
as can be shown by simplifying. 

45. Circle passing through any three given points 
(x4, yi), (x25 y2), (Xa, Ya). 

Let 2° +y?+2qa+2fy+c=0 cee Si) 
be the equation to the circle. q 

As it passes through the three given points, 

T1” +y,” +2gx, +2fy, +c=0 
Ta? +Ya” + 29v + Ify +c=0 
Ts? +Y? + Qgx5 +2fys +c=0. 

From these three equations, which are linear equations 
in the unknowns g, f, ¢, we get definite values of these” 
unknowns when (£1, Y1), (v2, Y2) and (as, ys) are given. 

Substituting these values of g, f, cin (i), we get the 
required equation of the circle, as also its centre (—g, — f) 
and radius /g?+f*—c. 
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4°6. Definitions of Tangent and Normal. 


If P be any point on a curve, 
and if we take a neighbouring 
point Q on it, then if the line 
joining P and @ be turned 
about P so that the other point 
of intersection Q gradually 
approaches P, the limiting 
position PT of the line PQ, 
when Q ultimately coincides 
with P, is defined as the tangent 
to the curve at P. 
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The line PG through P, perpendicular to the tangent at 


P, is defined as the normal to the curve at P. 


4'7. Equation to the tangent at a given point x1, y4 


on the circle : 
(A) x?-+y7 =a7. 


(B) ae So ie 


P (21, y) 
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(A) Let P be the point (a, y1) on the circle 
s +y =a’, con! (Gi) 
and let Q (ta, Ya) be a neighbouring point on it. 
The equation to the chord PQ is 


Y ae 
3 Iy A (@-#1) (ii) 
1 
Now, since P and Q both lie on the circle (i), we have 
4? +y =a" is + Gi) 
ta tY =a" wee 500 (iv) 
subtracting, 
(ta — ay") + (yo*—917)=0, 
whence %1 = — geter 
2`— Tı Yet Yr 
equation (ii) can be written as 
Seay ate 
Y-Ua= 9 py, © Bab (v) 


Now make Q approach P and ultimately coincide with 
it, so that the co-ordinates (a, Ya) coincide with (w4, y1). 
In that limiting position, the chord PQ becomes the tangent 
at P, whose equation, Le (v) ] then becomes 


ah =a + (t= t), 


or, %(a-2%,)+ys(y—y1)=0, 
Ten wri HYY =T +41? =a? [ by (iii) J. 
Hence, the equation of the tangent at 21, Yı is 
xx, +yy1 =a". 


(B) Let P be the point £1, Yı on the circle 
oi +y’ +2gs+2fy +c=0, (i) 
and let Q(z, y2) be a neighbouring point on it. The equa- 
tion to the chord PQ is 


aby Yo 7th oct Base (eh 
iN ies) een (e-@) (ii) 


a 
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Now, since P and Q both lie on the circle (i), we have 


wy? +y,74+2924 + 2fy,+c=0 s+ (iii) 
and La +Ya” +29Ta +IfYa +c=0 < (iv) 
subtracting, 


(@a*- m1") t (ya — 91") + 20(t2 — a1) + flys — ¥1) =0, 
whence, (ta —#1)(t_ +a, +29) + (Ya — Y1)(ya +1 + 2f) =0, 


oF Yo ato ta, +29. 
l atr Ya +Y + 2F 


Hence, equation (ii) of chord PQ can be written as 


Zott, t2g 


va ty, taf C e 


Javi 


Now making Q approach P and ultimately coincide with 
it (so that £e, Ya coincide with x1, Y1), the chord becomes 
the tangent at P, whose equation is then 


; yon = -ato (c- 3), 


or, (x, + g)(e- @,) + (ya +A) (y- ys) =0, 
or, tay tyya +getfy =t," +y" +901 + fy, 
or, adding gv, +fyı +c to both sides, 
gt, +yyı +glæ +m) +fly +y) +e 
=g," +y, +2gv, +2fy, +0=0. [by (iti) ] 
Hence, the tangent to the circle (i) at z1, y1 is 
xxityyitg(x+x1)+fytyi)+c=0. | 


4'8. Equation to the normal at x4, y4 to the circle: 
(A) x?+y7=a?. 
(B) x?2+y?+2gx+2fy+c=0. 
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(A) The tangent at 21, yı to the circle 2?+y?=a" 


£ a? 5 ‘ 
iser,+yyi1=a", or, Y=- r+ — of which the ‘m 
` Yı Yı 


RR 


The normal, which is perpendicular to the tangani 
through z1, Yı is then 


Y= 5 (ea), 


Cee BUEY 6 LEEY. 
Tı Yı 


which evidently passes through the origin, i.e.n the centre 
of the circle. 


or, 


(B) The tangent at 21, yı to the circle 
w? +y? +290 + 2fy+c=0, 


is wa, + yy, +glæ +m) +fly +4) +c=0, 


te, 2(t,+9)+y(ui +f) + (or, + fy, +c)=0 


; ‘ titg 
hich the ‘m is — 742. 
of which the is TEER 
The normal, which is perpendicular to the tangent, 
through %1, Yı is then 
ZG £1), 


yn 


or, x(y1+f)-y(i +g) = x1 - gy4. 


Note. Evidently this line passes through the point (—g, —f), 
which is the centre of the circle. 


Thus, the normal at any point of a circle passes through its centre, 
in other words, the radius to any point of a circle is perpendicular 
to the tangent at the point. 


| 
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4'9. Length of the chord of the circle x*+y?=a?, 
intercepted by the straight line y=mx+c. 


At the points of intersection of the line with the circle, 
both the equations are satisfied. Hence, eliminating y 
between the two equations, the abscisse of the points of 
intersection will be given by 

r? +(max+c)* =a", 
or, «°(1 +m?) + 2mex +(c* —a?)=0, o (i) 
which being a quadratic equation in x, there are only two 
values of x and accordingly only two points of intersection 


of the straight line with the circle (which may be real and 
distinct, real and coincident, or imaginary). 


Let (z1, Y1) and (es, Ya) be the co-ordinates of the two 
points A and B of intersection. Then æ, and zz are the 
roots of (i). 


: iia oe 
ae ceca 1+m? ~ 2 1+? 
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sve (Gq = 22) = = (£4 +T)” — 4022 
4m?c?__ Alc? =a’) 


(+m) 1+m? 


_ 44m?c* 2 —(c?—a*)\(1+m*)} 
+m’)? 


4a + m?)= 7} 
(1+ m’)? 


Again, Yı =m, +c and Ya = MT +C. 


<- Y4—Yo= mez — £2). 
Length of the chord AB i 
a Jer =ae)?+(y1-Yo)?= A(z —a@e)2(1+ m2) 


yee aU +m?) = oF} 9 Wa2(1+m?) =? 
1+m? J1+m? 


Cor. Condition of tangency. 


The given line will touch the circle if the chord intercepted is 
zero. Hence the condition that the given line y=ma+e may touch 
the circle a?+y?=a? is c?=a*(1+m?), 


or, c=+a,/i+m? ao 
Alternative method for condition of tangency. 


The perpendicular from the centre of the circle to the line is 
equal to the radius. 


.". perpendicular from 0, 0 on ma—y-+c=0 is equal to a, 


= © = 
+ 1+ m* 


c c=tavli+m. Vv 


or, 


A 


Note, There are thus two tangents to the circle parallel to a given 
line y=matc, (i.e. with a given 7), namely 
y=mataNi+m. 
4:10. To show that y=mat+a J1+m® is a tangent to 
the circle z? +y? =a", and to find the point of contact. 
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The tangent at tı, Yı of the circle is 
ot, tyy =a? or sr, +yyı -a =0 = (i) 
‘If the line y=mr +a Itm? or ma—ytaJ1+m*=0 (ii) 
be a tangent to the circle at (a1, Yı), the equations (i) and 
(ii) must be the same. Hence, comparing coefficients, 


ra re PSS 
m —1l G@Nit+m? J1+m?* 


an a 


ie epee = Each 
a Jitm? "2 Ji+m? 


The line (ii) therefore will touch the circle only if the 
assumed point %1, Yı is really a point on the circle, 


Jota: Ena ( a j= 2 
daoni lene *\ +m?) ~% 


which is evidently satisfied. 


Thus, y= meta J1+m? touches the circle, whatever m 
may be and the point of contact is given by 


aap a cea 
i Ni+m2 ~* i+m? 


Note. Similarly, y=mz—aJ/1+m? is also a tangent to the circle 


24.2=q?, the point of contact bein, ami, eae, 
Ga F 4 3 = Nit m™ N1+m? 


4'11. Length of the tangent from an exiernal point 
Ta, Ya to the circle £? +y? +2Qga+ Bfyt+c=0. 


Let P be the point (xı, Y1) and PQ a tangent to the 
circle from P. The centre C of the circle is(—g, —f), and 
the radius CQ is /g?+f?-c. 
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Now since, as proved before (§ 4°8, Note), CQ is per- 
pendicular to CP, 


P (x1, 7) 


PQ? =0P?-0Q? 
=(e1 +9)? + (y, +f)? -9° +f? - 0) 
=g," +y? + 29g; + 2fy, +c. 
we PQ= Nx2+y1?+2gx1 +2fy1 +e. 


Cor. The length of the tangent from the external point (a,, 7,) 
to the circle 2? +y?=a7 is Je,?+y,2—a2. z 


Note, We notice that when the co-ordinates ,, Yı of any point 
are substituted for «, 7 on the left-hand side of the equation to a circle 
æ? +4? + 2ga-+ 2fy-+c=0 or «*+y*—a?=0, we obtain the square on 
the length of the tangent from the point «,, yı to the circle. If this 
is positive, the point is outside the circle, and the length of tho 
tangent is real. If the expression is negative, the point is inside tho 
circle, and the length of the tangent is imaginary, 


If the equation to the circle be in the form an? + ay? +29'a+2f'y 
++c’=0, we are first to divide out the equation by a, and reduce it 
tojthe form n° +y? +2gr+2fy+c=0 and then substitute (xı, yı) on 
the left side to get the Square on the length of the tangent. [ See 
$ 4°3 note in this connection, 1) 
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4°12. Illustrative Examples. 
Ex. 1. Find the equation to the circle passing through the points 
(2, —3) and (—3, —4) and having its centre on the line Ta+2y+6=0. 
Let a, 8 be the co-ordinates of the centre of the circle. As the 
circle passes through the points (2, —3) and (-—8, — 4), these points 
must be equidistant from the centre. Hence, 
(a—2)? +(8+3)? =(2+38)7+(8+4)?, 
or, 10¢-+28+12=0, ic, 5a+8+6=0. = (i) 
Also, since the centre lies on the given line, we have 
Ja-+28+6=0. = = = (ii) 
From (i) and (ii), solving, a= — 2, 6=4, The radius of the circle, 7, 
is equal to the distance of the point 2, —3 from the centre —2, 4. 
c. 72=(24+9)?+(-3 —4)?=65. 
Hence, the required equation to the circle is 
(w—a)?+(y—A)*=77, or, (w+2)?+(y—4)?= 
or, w7+3?+4e—8y—45=0. 
Ex, 2. Find the length of the chord intercepted by the straight 
line 8x—4y+5=0 of the circle passing through the points (1, 2), 
(3, —4) and (5, —6). 7: 


Let +y’ +2gz+2fy+c=0 i aes = (i) 
be the equation to the circle passing uouge the given points (1, 2), 
(3, —4) and (5, —6). = 


Then, substituting values of the co-ordinates, 
5+29+4f+c=0 
25+69—Sf+c=0 
and 61+10g—12f+c=0. 
Solving these, we get g=—11, f= —2, c=25. 
Hence, the circle (i) becomes 
ot +y? —22n—474+-25=0 oo s+ (ii) 
The given straight line is 
3x—4y+5=0 oo on s+ (iii) 
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For the common points of intersection of (ii) and (iii), elimi- 
nating y, the abscissæ are the roots of 


SG 
at + (22°) —222—(82-+5)+25=0, 
or, 52?—T42+69=0 oo 


SaS a (iv) 
If (£4, Yı) and (22, y2) be the co-ordinates of the points of inter- 
section of (ii) and (iii), then æ, and x, are roots of (iv). 


4 =a 
t, Tit = 52, 


©, +2,= 


ve (1, — a2)? = (z, +22)? 42,25 = (3)? -4.92=4 
Also, (zı, 1) and (2, y2) both lying on (iii), 

8r, — 4y, +5=0, 3ta — 4y +5=0 
Ce Bær) -4y -y= e (y-a)? =le a). 
«'. the length of the intercepted chord being 2, 
P= (a. — a2)? +(y.— ys)? = (14+ Y4)(e1 — 2)? 


=28 x499¢— 956, 


Alternatively 


The centre of the circle (ii) is 11, 2 and its radius ris /11?-+2?—95 
=10 [See § +3]. 


Perpendicular from this centre on line (iii) is 


Now if AB be the chord along the line, and CN be the perpendi- 


cular on AB from the centre C, then N is the mid-point of AB, Also 
AN*=CA*—ON?. 


Hence, the length of the chord intercepted is 
AB=2AN=2 Nr? —p?=2 N100—36=16, 


Ex. 3. Show thatthe straight line 4x+-3y-—81=0 touches the 
circle x? +y? — 6x+4y=12, and find the point of contact. 
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If possible, let (a1, yı) be the co-ordinates of the point on the circle 
aw? +y?—6r+4y—12=0 zo ose (i) 


at which the given line 
4a+3y—81=0 e go = (ii) 
isa tangent. 
As the equation to the tangent at (£1, yı) of the circle (i) is 
we, +yy,—3(e+a,) +2(y+y,)—12=0, 
or, (w,—3)a+ (yı +2)y— (821-24, +12) =0 
this must be identical with (ii). Hence, comparing coefficients, 


@,—3_th+2_ 3a, —2y, +12 
4 3 31 


and each of these 


(8x, — 29, +12)—3 (a, —3)+2 (v, +9) 5 
ca 31—3,4+2.3 F 


whence 2,=7,y.=1 

Substituting these values in (i), we see that the equation is 
satisfied, 

Hence, there is the definite point 7, 1 on the circle (i), at which the 
tangent is identical with the line (ii). 

Henee, (ii) touches (i), and the point of contact is (7, 1). 

Alternatively, the centre of the circle (i) is clearly, (3, —2) and its 
radiusis «/(—8)*+(2)7—(—12) =5. 

The straight line (ii) touches the circle (i) if the perpendicular 
distance from the centre on it is equal to the radius of the circle, 

Now perpendicular from (3, —2) on (ii) is 

4.3+3.(—2)—31 
= Jipa 
(ii) touches (i). 


= 5= the radius of the circle. 


Assuming the point of contact to be (v1, Yı), comparing the 
equation of the tangent at the point with (ii), the co-ordinates «, and 
Yı are obtained as before, 


Ex, 4. Prove that the locus of the middle points of any system of 
parallel chords of a circle is a diameter passing through the centre. 
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Taking the centre of the circle as origin, the equation to the circle 
‘can be written as 2?+y?=a" a ESG) 


Let any one of the system of parallel chords be 
y=mate ooo ss (ii) 
where m is constant for all chords of the system, but c is different for 
different chord. 
For points of intersection of (i) and (ii), eliminating y, the 
abscissa arè given by the equation 
2?-+(mz+c)?=a?, 
or, — &*(1-+7)+2mea+(c?—a2)=0, 


Hence, if (z,, y,) and (xa, ys) be the extremities of the chord of 
intersection of (i) with (ii), 2,, %a being roots of the above equation, 


2me i 
titr, = SES 


Thus, X, Y being the middle point of the chord, 


me, 
1+ %m?* 


X=H(e, +2.) = — 


Also, X, Y being a point on (ii), F=mX+c, 
Eliminating c between these, 


ee Oe = 
X= Tem? (Y—mX), or, X+m¥=0. 
As this is free from c, this equation is satisfied by the co-ordinates 
of the middle point of every chord of the system, and it evidently 
represents the equation to a straight line passing through the origin 
ie., passing through the centre of the circle, and is thus a diameter. 


Examples IV 
1. Obtain the equation to a circle having its centre at 
(3, 7) and diameter 10. 


What is the length of the intercept of this circle on the 
y-axis ? LH. S. 1960, Compartmentat ] 
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2. The extremities of a diameter of a circle haye co- 

ordinates (— 4, 3) and (12, — 1). Find the equation to the 
circle. What length does it intercept on the y-axis ? 


[ H. S. 1961, Compartmental ] 


3. Show that the equation 3°+3y*—5a—6y+4=0 
represents a circle, and find its radius and co-ordinates of 
its centre. 


4. Obtain the equation to the circle passing through 
the points (3, 4), (3, — 6),(—1, 2), and determine its centre 
‘and radius. [ H. S. 1961] 


5. Obtain the co-ordinates of the centre of the circle 
passing through the points (1, 2), (3, —4), (5, —6), and 
determine the length of its diameter. 


Ts the origin inside, or outside the circle ? 
[ H, S. 1960 | 


6. Find the equation to a circle which passes through 
the points (0, —3) and (3, — 4), and which has its centre 
on the straight line 2% — 5y +12=0. , 

7. Find the equation to the circle passing through the 
origin and having intercepts 4 and —6 on the x-axis and 
y-axis respectively. 

8. Find the equations to the circles which touch the 
axis of œ and pass through the points (1, —2) and (3, — 4). 


9. A and B are two fixed points on a plane and the 
point R moves on the plane in such a way that PA=2PB 
always. Prove analytically that the locus of P is a circle. 


[ H. S. 1961, Compartmental ] 


10.) B, C are fixed points having co-ordinates (3, 0) and 
(—8, 0) respectively. If the vertical angle BAC be 90°, 
show that the locus of the centroid of the triangle ABC is 
a circle whose equation you are to determine. 

LH. S. 1967] 


11. (i). Find the length of the chord of the circle 
w° +y” =64, intercepted on the straight line 3w + 4y- c=0, 
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(ii) Obtain the co-ordinates of the points of contact 
of any one of the two tangents to the above circle a ty? 
= 64, parallel to the line 38x + 4y -c=0. [ H. 8. 1960 ] 


12. Prove that the straight line y=r+a J/2 touches 
the circle x? +y* =a", and find its point of contact. 
[ H. S. 1961] 
18. Show that the line 3x+4y+7=0 touches the circle 
æ? +y? —4a@—6y —12=0, and find its point of contact. 


14. Determine whether the straight linew+y=2+ ./2 
touches the circle æ? +y*-—27—Qy+1=0, If it does, find 
the co-ordinates of the point of contact. 


15. Find the equation to the circle 


(i) having its centre at the point (3, 4), and touching 
the straight line 5a+12y+2=0. 


(ii) having its centre at (1, —3) and touching the 
straight line 2s — y — 4 =0. 


16. Find the points at which the tangents to the circle 
æ? +y? — 6w + 8y =0 is parallel to the line 3% + 4y =0. 


17. Find the points on the circle 2° +y? — 2w + 6y- 58 
=0 at which the tangents are perpendicular to the line 
Ag—y=2, | 


18. Show that the two circles 
(i) v? +y2+6r+14y+9=0 and 
g? +y?—40—-10y-7=0 
touch each other externally. 
(ii) z? +y? — 6x + 6y— 18=0 and 
g? +y?-2y=0 
touch each other internally. 
19. Find the length of the tangent drawn from 


(i) the point (-3, 11) to the circle 
g? ty? — 40+ 2y- 20=0. 
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(ii) the point (7, 2) to the circle 
Qe? + Qy? +5a+y-—15=0. 


20. Show that the locus of the points from which the 
lengths of the tangents to the circles 


+y? -—3s+4y-7=0 
and a? +y? +2- 5y+1=0 


are equal, is a straight line perpendicular to the line join- 
ing the centres of the circles. 


w?+y?—40+ 6y=0. 


ANSWERS 
aly a? -+y? —Gx—14y+33=0; 8. 
2. +y’ —8r—2y-51=0; 4/13. 
3. $18; (6, 1). 4. x? +y?—Gx+2y—15=0; (3, —1); 5. 
5. (11, 2); 20; outside. 6. 2?+y?—Sz—Sy—33=0. 
ki 
8. 


e. æ? +y’ —6xr+4y+9=0, w?+y?+10r+20y+25=0, 


10. g@ty2=1, 11. (i) 3/1600-c*. (ii) (t, 94) or (34, — 29). 


eae te). sath raat a? eo 
12, (5y a) 43, (-1,-1). 14. Yes; (1+ 35 + Js): 
15. (i) v?+y?—6z—8y=0. (ii) 5a? + 5y?—-10c+30y4+49=0, 
16. (6, 0) and (0, — 8). 17. (3, 5) and (—1, — 11). 

19 


(i) 12 (ii) 8. 


CHAPTER V 
CONICS 


5'1. Definitions. 


If a point moves on a plane so that its distance from a 
fixed point on the plane always bears a constant ratio to its 
perpendicular distance from a fixed straight line on the 
plane, the locus traced out by the point is defined to be 
a conic. 


The fixed point is called the focus of the conic, and is 
usually denoted by the letter S. 


The fixed straight line is referred to as the directrix of 
the conic. 


The straight line through the focus perpendicular to the 
directrix is called the axis. 


The constant ratio (of the distance of any point on 
a conic from the focus to the perpendicular distance of the 
point from the directrix) is called the eccentricity of the 
conic, and is usually denoted by the letter e. 


When e=1, the conic is defined to be a parabola. 
When e < 1, the conic is defined to be an ellipse. 
When e > 1, the conic is defined to be a hyperbola. 


Note. The name ‘Conic’ or ‘Conic-section’ is due to the fact that 
these curves were first obtained and studied as sections of a cone by 


planes in various ways. 


5°2. Parabola. 
(A) Equation with axis and directrim as axes of co- 
ordinates. 


Let S be the focus, and MM’ the directrix of the para- 
bola, which are fixed, and let OSX he the straight line 
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through S perpendicular to the directrix, so that it is the 
axis of the parabola, O being its point of intersection with 
the directrix. 


Let us take OX as z-axis and OY (along the directrix) 
as y-axis, and let 2, y be the co-ordinates of any point P 
on the parabola. If PN and PM be perpendiculars from P 
on OX and OY, then PM=ON=a, PN=y. 


Let the distance OS of S from the directrix bed. Then 
co-ordinates of S are (d, 0). 


From the definition of the parabola, 


ZS =l, on PS=PM. `. PS*=PM", 
or, (e-d)?+y%=27. ~. y?=2d(a—4d) 
or writing d=2a, this can be written as 
y?=4a (x-a) we = @) 


If A be the middle point of OS, clearly OA = AS =a. 

The co-ordinates of A are then (a, 0) and they evidently 
satisfy the equation (i). Thus, A is a point on the parabola. 
This point A is called the vertex of the parabola. 


5 
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(B) Standard form of the equation to a parabola, 

If we transfer the origin to the vertex A, the equation (i) 
of the parabola reduces to 

y?=4ax Bo sop (0) 

which is the standard form of the equation to a parabola. 

Here the vertex is the origin, the axis of the parabola 
is the w-axis, and the line through the vertex parallel to the 
directrix is the y-axis, a being the distance of the vertex 


from the focus, which is also equal to the perpendicular 
distance of the vertex from the directrix. 


Note. For a discussion on the shape of the parabola and its 
elementary properties, see Chapter VI. 


5°3. Ellipse. 


(A) Equation with directriz as y-axis, and perpendicular 
to it through the focus as x-ais. 


Let S be the focus, MM’ the directrix, and e(<1) be the 
eccentricity of the ellipse. 


SO being perpendicular on MM’, OSX is taken as the 
a-axis, and OY (along the directrix) as y-axis. Let (x, y) 
denote the co-ordinates of any point P on the ellipse. Let 


the distance SO (of focus from the directrix) be d, and 
let PM be the perpendicular from P on the directrix, 
so that PM =q. 
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Now, from the definition of the ellipse, 
es = e, or, PS=e.PM. 
PS? =e. PM. 
Hence, co-ordinates of S being evidently (d, 0), 
(@- d)? ty? =z? > coo (Gi) 
This is then the equation to the ellipse with directrix as 


y-axis, and perpendicular to it through the focus as z-axis, 
d being the distance of'the focus from the directrix. 


(B) Standard form of the equation to an ellipse. 


The aboye equation (i) can be written in the form 
w(1 -e?)- 2dr +d? +y*=0, 


2 


z j 
A 2 d A 
or, a-e = A) +y2= emis d? = 


a 
O ERE E EER 


Writing Eana and transferring the origin to C 


whose co-ordinates are (44 0) i.e., (£ »0 ) (the axes 


remaining parallel to their original directions), the equation 
to the ellipse reduces to its standard form 


atoae | 
, KANYA 3 
ila atat bi coa G) 


where b?=a°(1—e’). : 
Here the origin C is on the axis perpendicular to the 


directrix through the focus, at a distance rt from 


the directrix, and the y-axis, CB is parallel to the directrix. 


68 CO-ORDINATE GEOMETRY 


The point C is called the centre of the ellipse, the 
reason for which will be explained in Chapter VII. 


2 
Distance, CS= 7 a -d= "4, = av. 


Note. For a discussion on the shape of the ellipse, and its 
elementary properties, see Chapter VII. _ 


5'4. Hyperbola. 


(A) Equation with directrix as y-axis, and perpendicular 
to it through the focus as x-axis. 


B 


Pee oe 
Q 


r 


Let S be the focus, MM’ the directrix, and e ( >1.) be 
the eccentricity of the hyperbola. 


SO being perpendicular on MM’, OSX is taken as the 
z-axis, and OY (along the directrix) as y-axis. Let (w, y) 
denote the co-ordinates of any point P on the hyperbola. 
Let the distance SO (of focus from the directrix) be d, 


and let PM be the perpendicular from P on the directrix, 
so that PM=z, 


Now, from the definition of the hyperbola, 


Sie % ite 7 
pye %™ PS=e.PM. 


PS*=c*.PM’. 


Hence, co-ordinates of S being evidently (d, 0), 
(e-d)? +y? =e72* oe coo (3) 


CONICS 69 


This is then the equation to the hyperbola with 
directrix as y-axis, and perpendicular to it through the 
focus as z-axis, d being the distance of the focus from 
the directrix. 


(B) Standard form of the equation to a hyperbola. 


The above equation (i) can be written in the form 
(e being greater than 1 here), 


œ (e? —1) + IQda-y*2 =a? ; 


or, 
haloes =) 
Oi (a escl \e?-1 
Writing Ge 47% and transferring the origin to C whose 


GRS 
t d 3 a 
co-ordinates are (=z =! OJ te, |= 5? Op (the axes re- 


maining parallel to their original directions) the equation 
to the hyperbola reduces to its standard form 


a eal 
a are- 1) , 
2 2 
XEY. 
or, a b1 


where b? =a" (e° — 1). 
Here the origin C is on the axis perpendicular through 
the focus to the directrix, at a distance E 17 s from the 


directrix on the side opposite to the focus. This point © is 
called the centre of the hyperbola. 

i d de? 

2L 


Distance, CS=d+ a1 ea 
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Note. For a discussion on the shape of the hyperbola, as also 
its elementary properties, see Chapter VIII. 


5°5. Examples. 


Ex.1. Find out the equation to the parabola whose focus is (~8, 4) 
and directrix is 6x—Ty+5=0. [ H. S. 1961] 
Let (xı, Yı) be the co-ordinates of any point on the parabola, 


Its distance from the given focus (—3, 4) is ,/(x, +3)? Say 
and its perpendicular distance from the given directrix 6r—Ty+5=0 is 
6x, -7m +5, s ‘ 

JT For the parabola these two distances are equal. 


2 (6x1 = Tu 5)? 
67-+77 
nates xı, yı of any point on the parabola satisfy the equation 
85 {(a+-3)? + (y—4)?}=(6x—Ty+5)?, 
or, 49x?7+84ry+36y* + 450z—610y+2100=0 
which is then the required equation to the parabola. 


Hence, (x,+3)?+(y,—4) Thus, the co-ordi- 


Ex. 2. Find the equation to the ellipse, whose focus is the point 
(=1, 1), and directrix is the line a—y+8=0, and whose eccentricity 
is. 

Let (xı, yı) be the co-ordinates of any point on the ellipse. 

Its distance from the given focus (—1,1) is ,/(@,+1)?+(y,—1)?, 
and its perpendicular distance from the given directrix s—y+3=0 


ig = SUE, The ratio of these two distances is equal to the given 
J/1+1 
eccentricity 4 for any point on the ellipse. 
ee ely pee 
Hence, V(x, +1)?+(y.—1)? = 5° esa 
or, 8{(e, +1)? + (y, —1)°}= (x, =y, +3)°. 
Thus, the co-ordinates x,, 7, of the any point on the ellipse satisfy 
the equation 
8 {(v+1)? +(y—-1)"}=(u—y+8)*, 
or, Ta? +2ry+7Ty?+10x—10y+7=0, 
which is then the required equation of the ellipse in question. 


CHAPTER VI 
PARABOLA 


61. Parabola. 


As has been defined in the previous chapter, a parabola 
is a curve traced out by a point which moves on a plane 
such that its distance from a fixed point on the plane is 
always equal to its perpendicular distance from a fixed 
straight line on that plane. 


The fixed point is called the focus, and the fixed straight 
line is called the directrix. 


6'2. Standard equation of a parabola. 


Let S be the focus, and MM’ the directrix of the parabola, 
Draw SZ perpendicular from S on MM’, and let A be the 
middle point of ZS. Clearly, 
‘ AS=AZ, the point A is 
a point on the parabola. This 
point A is called the vertex 
of the parabola. 


Let AS (the distance of 
the vertex from the focus) 
=a, Then AZ is also=a, 
and SZ = 2a. 


Take A as origin, and 
ASX (perpendicular to the 
directrix through S) as z-axis, 
AY parallel to the directrix 
through A being the y-axis. 
Clearly the co-ordinates of 
S are (a, 0). 

P being any point on the parabola whose co-ordinates 
are (a, y), if PN be perpendicular on AX, and PM perpendi- 
cular to the directrix, 


M 


72 CO-ORDINATE GEOMETRY 


then PM=ZN=AZ+AN=ate. 


Now, from the definition of a parabola, 
PS=PM, or, PS*=PM?. 


(x-a)? +y? =(a+2)?. 
s y?=4ax. oe SEC) 


This being the relation satisfied by the co-ordinates of 
any point on the parabola, it represents the equation to the 
parabola in standard form with vertex as origin. 


Hero a represents the distance of the vertex from the focus 
(or from the directrix, the two being equal). 


‘The line AX (perpendicular to the directrix through 5), 
which is chosen as the axis of x here, is referred to as the 
axis of the parabola. 


Note. In the previous chapter the equation was obtained with Z 
as origin, and then by transference of the origin to A, tho equation to 
the parabola was obtained in the above standard form. 


6'3. Shape and elementary properties of the 
parabola. 


Y 


From the equation y® =4az, 
if is evident that if æ be 
negative, y* being negative, y 
is imaginary. Hence, there is 
no real point with œ negative, 
that is, there is no point of 
the parabola to the left of the 
x origin A. 

Again, for every positive 
value of v, there are two equal 
and opposite values of y. Hence 
corresponding to a point P on 
the parabola with positive 
j : ordinate PN, there is a point 
P' on the parabola with the same «(=AN) with equal 
negative ordinate P'N. In other words, the parabola is 
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symmetrical with respect to the z-axis AX, which bisects 
every chord of the type PNP’ perpendicular to it. Asx 
diminishes, and ultimately becomes zero, the two ordinates, 
which are equalin value and opposite in sign, become zero, 
and the point coincides with the origin A, which is the 
vertex of the parabola. As x becomes larger and larger, the 
values of y also become larger in magnitude. Hence, the 
shape of the parabola is as shown in the figure, closed at the 
left end A, and open on the right, y gradually becoming 
numerically larger and larger with æ, the whole curve being 
symmetrical about OX. = 


It is for this property that OX is defined as the axis, 
and A is called the vertex. 

A chord PNP’ perpendicular to the axis (i.e, parallel 
to the directrix) and bisected by the axis, is called a double 
ordinate. PN or P’N is the ordinate of P or P’. 

The chord DSL’ through the focus S parallel to the 
directrix (and so perpendicular to the axis) is called the 
Latus Rectum. 

If LM be the perpendicular on the directrix from the 
extremity L of the latus rectum, from the property of the 
parabola, LS=LM=ZS=2AS = 2a. 


Thus, the Latus rectum = 4a, 


ie., the latus rectum is four times the distance of the 
focus from the vertex, or, double the distance of the focus 
from the directrix. i 

The equation y*=4ar asserts the geometrical property 
of the parabola, that PN* =4AS.AN, or, the square on the 
ordinate is equal to the rectangle contained by the abscissa 
and the latus rectwm. 

To sum up, we note that for the standard equation 
y2=4azx of the parabola, 


(i) the vertex is the origin ; 
(ii) the length of tho latus rectum is 4a ; 


(iii) the focus has co-ordinates (a, 0) ; 
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(iv) the directrix has equation «= —a; 
(v) the axis is the axis of x; 


and (vi) the co-ordinates of the extremities of the latus 
rectum are (a, 2a) for L, and (a, — 2a) for L’. 


Note, Equations x*=4ay, y?=—4ax, x?=—4ay, 


If in the equation y?=4ax of a parabola, the axes of x and y are 
interchanged, é.e., choosing the vertex A as origin, and latus rectum 
being 42 as before, the axis of the parabola (the line perpendicular to 
the directrix through the focus) bo taken along the y-axis, the x-axis 
‘being parallel to the directrix, the equation to the parabola becomes 
a? =4ay, and the figure is as shown here. 


Here, the co-ordinates of the focus are (0, a) and equation to the 
directrix is y=—a. The co-ordinates of the extremities L and Z’ of 
the latus rectum are (2a, a) and (—2a, a) respectively. 


a? =4ay 


If in the equation 7?=442, the direction of the a-axis is reversed, 
i.e., if the positive direction of the a-axis be taken from the vertex 
towards the directrix (the direction from the yertex to the focus being 
negative), the equation becomes y2=—4az, and the figure is as shown 


below, the concayity of the parabola being towards the negative side 
of the z-axis. 


The co-ordinates of the focus are (—a, 0) and directrix is z=a. 
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Similarly, in the equation z*=4ay, if the direction of y-axis is 
royersed, the equation becomes x*=—42y, and the figure is shown 


‘Y |M 


g= —4ay 


y’ =- 4ar 
above, the concavity of the parabola being towards the negative side of 


the y-axis. 
The co-ordinates of the focus are (0, —a) and directrix is y= a. 


6'4. Equation to the tangent at a given point x4, y4 
on the parabola y° =4ax. 


Q(z. Ya) 


Let P be the point (x1, Y1) on the parabola 
y? = 4ax ese eee (i) 
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and let Q (ae, Y2) be a neighbouring point on it. 
The equation to the chord PQ is 


Y ae 
9, = 228" (e-e) sso Gi) 


Now since P and Q both lie on the parabola (i), 
we have y;"=4ar, *- (iii) and y,*=4ar, -= (iv) 
subtracting, y2*— Y1" =4a(x_—-2), 


Yay 4a, 
@o-@ YotY1 


equation oH can be written as 
7 ah (x-z) < (v) 


Now make Q approach P and ultimately coincide with 
it, so that the co-ordinates (®a, Ya) coincide with (w1, Yı). 
it that limiting position, the straight line PQ becomes the 
tangent at P, bar CoE [ from (v) ] then becomes 


Ue 


DE e 3), or, Yr -91° =2a (w= a), 


i.e., UVa a, ites + 2a (w — w) L by (iii) J. 
Hence, the equation to the tangent at 74, Yı is 
y1 =2a (x +x). 

Cor. The tangent at the vertex of the parabola y°=4ar is the 
y-axis. 

6'5. Equation to the normal at x4, y4 to the 
parabola y? =4ax. 

The tangent at a1, Yı to the parabola y? =4az is 


2 
Yy1 = 2a (e+e), or, y= (e+e), 
è a 


of which the ‘m’ is 22. 
L 
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The normal, which is perpendicular to the tangent, 
through 24, Yı is then 
ey el (ae 
Y-Yi=—5, (x— x1). 


6'6. Tangent and normal properties: Subtangent 
and Subnormal. ! 


The length of the axis intercepted between the tangent 
and the foot of the ordinate of any point on the parabola is 
defined as the subtangent of that point. 

The length of the axis intercepted between the normal 
and the foot of the ordinate of any point on tho parabola is 
defined as the subnormal of that point. 

Thus, if PT and PG be the tangent and normal at P, 
intersecting the axis at T and G@ respectively, and PN be 
the ordinate of P, then 

TN is the subtangent of P and NG is the subnormal. 

Now from the equation yy; =2a(x+2,) of the tangent 
at P(x, Y1), the point T where it intersects the axis is 
obtained by putting y=0, and thus for T, a+z,=0 
Le, C= — 4. 

Hence, AZ =AN in magnitude, T being on the negative 
side of A. 

Hence, we get the geometrical property of the parabola 
that the subtangent of any point on a parabola is bisected at 
the vertew. 
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Again, in the equation y- y=- 3 (a — a) of the nor- 


mal at P, putting y =0, we get for the point G, v- v = 2a, 
ie, AG—-AN=2a, or NG=2a=half the latus rectum. 
Hence, the subnormal of any point of a parabola is constant 
and is equal to the semi-latus rectum. 


Further, “. AT=AN and AS=AZ, by adding we 
have TS = ZN = PM (where PM is the perpendicular on the 
directrix)=SP. Hence, ZSPT=ZPTS=the alternate 
ZTPM. Also, -= ZTPG is a right angle, ZSPG 
=ZSGP. Thus, we get further geometrical properties of 
the parabola, that : 

(i) the tangent at any point on a parabola bisects the 
angle between the focal distance of the point, and the 
perpendicular from the point to the dircctrix. 

(ii) the tangent at any point on a parabola makes equal 
angles with the focal distance of the point and the axis. 

(iii) the normal at any point on a parabola is equally 
inclined to the focal distance of the point and the axis. 


6'7. Length of the chord of the parabola y?=4ax, 
intercepted by the straight line y =mx +c. 


Q (22, Y2) 


P (zu) 
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At the points of intersection of the line with the para- 
bola, both the equations are satisfied. Hence, eliminating 
y between the two equations, the abscisse of the points of 
intersection will be given by 

(ma +c)? =4aa, 
or, mx? + 2(me — 2a)x +07 =0, soa) 


which being a quadratic equation in v, there are only two 
values of x and accordingly only two points of intersection 
of the straight line with the parabola (which may be real 
and distinct, real and coincident, or imaginary). 


Tet (x4, Y1) and (z2, V2) be the co-ordinates of the two 
points P and Q of intersection. Then s, and a. are roots 


of (i). j 


c 
> and Tite =z 
m 


‘ _ _ 2(me —2a) 
Gh en edi oars 
(e, — m)? = (£1 +22)" — 42305 
_Alme = 2a)? _ 40 _ 16(a* = mea), 
m* m?” m* 


Again, P and Q being on the given line, 
Y= mt, +e, Yo=Mo tc. 


as Yı -Ya =m(a1- Ta). 
~. length of the chord PQ 
= Vey — wa) + (Ya — Va)” = Ne = @a)*(1+ m*) 


16(a? -meal +m?) 4 ,-——______ 
=y £ me m) = © Jala- meo +m), 


Cor. Condition of tangency. 

The given line will touch the parabola only when the two points of 
intersection come into coincidence, i.e, when the length of the chord 
intercepted is zero. Hence, the condition that the given line y=mx+c 


may touch the parabola 4? = 4az is 


a 
a—mc=0, or, (==. 


B 


80 CO-ORDINATE GEOMETRY 


6'8. To show that y=max + = is a tangent to the para- 


bola y? =4ax for all values of m, and to find the point of 
contact. à 


The tangent at Tı, Yı of the parabola y°=4ax is 

2å 2a 

yy, =2alv +71), or, PETO S 
ot 


(i). If the line 


y=mxu + = ‘++ (ii) be a tangent to the parabola at (%1, 93), 


the equations (i) and (ii) must be the same. Hence, 
comparing coefficients, 


26 ay SORE A 2 A Cu E 
Ya Uy m AREA T 
The line (ii) therefore will touch the parabola only if the 
assumed point 24, Yı is really a point on the parabola 
a -, (2a\? 
-y?=4av, i.e, if (22) 


a 
=4a — 
m A 


M 
which is evidently satisfied. 


a 
Thus, y= mnt touches the parabola, whateyer m 


may be, and the point of contact is given by 


pies _ 2a 
pa maa, 
OS in? a 


6°9. Co-ordinates of a point on the parabola y* =4ax 
expressed in terms of a single variable t. 


We notice that if we substitute e=at*, y=2at in the 
equation y*=4az of the parabola, the equation is auto- 
matically satisfied for all values of t. Hence, any point on the 
parabola can have its two co-ordinates expressed in terms 
of a single variable ¢ in the form 


x=at?, y=2at. 
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For different points, ¢ will be different, and for a definite 
point on the parabola, ¢ will be definite and unique. A 
point on the parabola will thus be referred to as the point t. 


In working out many examples in parabola, when given 
by its standard form y =4az, this assumption of the 
co-ordinates of a point on it in terms of the single variable 


t in the above form will be very helpful. 


In this connection we may note that the equation to the 
tangent to the parabola y* =4az at the point ¢ is (See § 6'4) : 


y.2at =2a(a+at*), or, y= z +at. Also the normal 


at the point ¢ is (See $ 65) 


y — 2at= - Bat (@—at®), or, y+te=2at+at®. 


Note. Significance of t. 
From the equation of the tangent at ¢ it is apparent that z is the 


gradient of the tangent line at ¢, ie., t represents the cotangent of the 
angle made by the tangent line at ¢ with the z-axis. 


6'10. Locus of the middle points of a system of 


parallel chords ; diameter. 


P 
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Let PQ, given by the equation y=ma+c... (i) be any 
one of a system of parallel chords of the parabola 


y? =4as ... (ii). 


As the chords are parallel, m is the same for all chords, 
but c is different for different chords of the system. 


At the common points of intersection of (i) and (ii), 
eliminating v, the ordinates are given by the roots of the 
equation 

y7c 


spate (=), 


or, my? — 4ay + 4ac=0. 
If (v1, Yı) and (xz, Y2) be the co-ordinates of the two 


points of intersection P and Q, we get Y4 + Ve wan 


P3 Hence, 


for the middle point V, 


2a 
y= hus +42) =F 
This being a relation free from c, it is satisfied by the 
middle point of every chord of the system. 


Hence, this represents the locus of the middle points of 
the system of parallel chords, and we know that this re- 
presents a straight line parallel to the a-axis. 

We thus see that the locus of the middle points of any 
system of parallel chords of a parabola is a straight line 
parallel to its axis. 


Such a straight line is defined to be a diameter of the 
parabola, bisecting the particular system of parallel chords, 


For different m, i.e., for differently directed systems of 
parallel chords we get different diameters. 


Note. If B be the point where the diameter in question meets 


s ea 7 
the parabóla, we have for B also, y= 2a. Hence, oa oa At this 


point then the tangent line is y= mato [See § 6'8], and this is 
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also parallel to the system of chords bisected by the particular diameter, 
B is called the vertex of that diameter. 

In fact any line parallel to the axis of the parabola is a diameter 
bisecting all chords parallel to the tangent at its extremity, i.e., at the 
vertex of that diameter, 


6°11. Illustrative Examples. 


Ex.1. The focus of a parabola is 6,2 and its vertex is 3, —2. 
Find the equation to the parabola, and the length of its latus rectum. 
Also obtain the co-ordinates of the extremities of its latus rectum. 


Let S be the focus having co-ordinates (6, 2), and A the vertex 
haying co-ordinates (3, —2). The distance AS= ,/(6—3)?+(24-9)2=5. 

Hence, the length of the latus rectum of the parabola=44S=20, 
Qe (= 

aces and this 
line AS is the axis of the parabola. The latus rectum is perpendicular 
to AS through S, and so its equation is 
y—2= —3(c—6) t a a i) 
If a, Yı be the co-ordinates of an extremity ‘ue L or L’) of the 


Again, ‘m’ of the line joining A and S is 


latus rectum, 
++ SL=semi-latus rectum=10, 
(a, —6)* +(y1 —2)?=100 eee Brey (ii); 
and as (xı, y1) lies on (i), 
y, -2=—2(v, —6) eS E «++ (iii) 
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From (ii) and (iii), 
(æ —6)2(1-+ 3%) = 100. 
sa (æ1—6)7=64. -". sı—6=+8. 
Taking + sign, zı=14, and from (iii), y=- 4. 
Taking — sign, x, =-— 2, and from (iii), 7,=8. 
“Thus, the co-ordinates of the extremities of the latus rectum are ` 
(14, —4) and (—2, 8). 
Lastly, produce SA to Z, such that AZ=AS. Then the co-ordi- 
nates of Z being (a, £) say, as A is the mid-point of ZS, 
3(a+6)=3 and 4(8+2)=—2. 
“. a=0, B=—6. 
Now since the vertex is the mid-point of the perpendicular from 


the focus on the directrix, the point Z is clearly the foot of the perpen- 
dicular. The directrix of the parabola is therefore the line through Z 


perpendicular to ZAS, and hence its equation is 
y+6=—3(e—0), or, Sx+4y+24=0. ... .» (iv) 
If œ, y be the co-ordinates of any point P on the parabola, 
++ PS=perp. distance from P on (iv) 
ee _3s+4y+24_3r+4y+24 
Jezo tus a OCS 
whence 25{(x— 6)? + (y—2)°}= (3x+ 4y +24)? 
which is the equation to the parabola. 

Ex. 2. By suitably transferring the origin, show that the equation 
34° —10x—12y—18=0 reduces to the standard form of equation to a 
parabola, and hence obtain the co-ordinates of its vertex and focus, and 
the lengih of its latus rectum. 'Also determine the equation to its 
directriz. 

The given equation can be written as 

: 8(y2—4y)=10x+18, or, 3(y—2)?=1 (z+3). 

Hence, transferring the origin to (—3, 2), the equation reduces 
to the form y?=122 an es "EN 
which is the standard form of the equation to a parabola. Comparing 
this with the equation 4° = 4am, whose latus rectum is 4a, vertex is the 
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origin, focus is (a, 0) and directrix is c=—a, we see that for the 

parabola (i), the latus rectum is 4+, the vertex is the new origin, and | 
referred to this, the co-ordinates of the focus are (%, 0), and the equa- 

tion to the directrix is r=—. 


Hence, returning back to the given old origin, the co-ordinates of 
the vertex are (—3, 2), the co-ordinates of the focus are —3+8,2+0 
ie., (—2%, 2), and the equation to the directrix is s=—{§—-38 


2%, 
ie, t=- 83$. x 
The latus rectum has already been shown to be 42. 


Ex. 3. Prove that the length of any tangent to a parabola inter- 
cepted between its point of contact and the directrix sublends a right 


angle at the focus. 


AP (zo y) 


K 
S(a 0) X 


Taking the vertex as origin and axis as a-axis, let the equation 


to the parabola be y*=4az. Fee = (i) 
Then its focus S has co-ordinates (a, 0) and the equation to the 
ae = (ii) 


directrix is w= —@- 
The tangent at any point P(x., yı) is given by 
yy. =2a(a+ x,) oe se (iii) 

This meets the directrix (ii) at K, whose <= —a 


and v5 (=a+2,) [ from (iu) ]. 
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5 u0 y on 
Now the slope ‘m’ of the line ee a= = =a and the slope ‘m 
2a 
 (c:—a)—0 
m 9 


of the line SK is = 


un 

<. mm’=—1. Hence, SP and SK are at right angles, i.e, PK 
subtends a right angle at S. 

Ex. 4. Two equal parabolas have the same vertex, and theirlaxes 

are at right angles; prove that their common tangent touches each 
at an end of its latus rectum. 


Let y?=dag + (i) be the equation to one of the parabolas, 
The other parabola, which is equal to it (and hence has an equal latus 
rectum 4a), having the same vertex A (chosen as origin) and having 
its axis perpendicular to that of (i) (ie., along the y-axis) is then 
given by a? =day ve g EN) 


Any tangent to (i) is y=ma-+ z oe = (iii) 
having the point of contact at pee! 2am. 


If it be a tangent to (ii) also, the two points of intersection of (ii) 
and (iii) must coincide, or eliminating y, the two roots of 


m — da (ma Z)\=0 ave -= (iy) 
are equal, which requires 
4a? 
(4am)?+ 4," =0, 
m 


or, m>=—1. n. m=], 
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the common tangent of (i) and (ii) is y= —a—a, 
or, xty+a=0. 

The point of contact of this common tangent on (i) is ( putting 
m= —1 here ) a, — 2a, which is clearly the co-ordinates of one extremity 
L’ of the latus rectum. 

The point of contact of the common tangent on (ii) [ *.* for the 
equal roots for (iy) the sum of the roots is 4a7=—4a] is given by 
w=—2a, and hence from (ii) y=a. But —2a, a are clearly the co- 
ordinates of the extremity L’,, of the latus rectum of (ii). 

Hence, the common tangent of the two parabolas touch each at 


an end of its latus rectum. 


Examples VI 

1. Find the point on the parabola y°=18z at which 
the ordinate is three times the abscissa. 

2. Tho parabola y*=4aa passes through the point 
(2, —6), Find the length of its latus rectum. 

3. Find the equation to the line joining the vertex 
to the positive end of the latus rectum of the parabola 
2 
y = 82. 

4, A double ordinate of the parabola y*=4aw is of 


length 8a, Prove that the line joining the vertex to its 
two ends are at right angles. [ H. S. 1960 ] 


5. Find the latus rectum of the parabola whose focus is 
(2, — 3), and directrix is 5x — 12y + 6 =0. 

6. Find the equation to the parabola 
G) whose focus is (5, 3) and directrix is 3% - 4y +1 =0. 
(ii) whose focus is (—6, —6) and vertex is (—, 2). 

7. Find the vertex, focus and latus rectum of each of 

- the parabolas 

(i) v? =4le +y). (ii) 2° +2y=82-7. 


8. Find out the equation of the tangent to the parabola 
y? =4ae at the extremity of the latus rectum. [ H. 8. 1960] 
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9. Find the equation to the tangent to the parabola 
(i) y* =9x at the point whose ordinate is 6. 


(ii) y?=122 at the positive extremity of the latus 
rectum. 

10. Show that the foot of the perpendicular from the 
focus of the parabola y?=4ar on any tangent lies on the 
y-axis. [ H. S. 1961, Compartmental ] 

11. Prove that the tangents at the extremities of the 


latus rectum of a parabola meet on the directrix, and are at 
right angles. 


12. The two tangents drawn from a point P to the 
parabola y°=4m aro'at right angles. Find the locus of P, 


13. (i) Prove that any two perpendicular tangents to the 
parabola y* = 4am intersect on the directrix. 


(ii) Tf two tangents to a parabola are at right angles, 
show that their points of contact are at the extremities 
of a focal chord. 

14. A tangent to the parabola y7=127 makes an angle 


45° with the axis. Find the co-ordinates of its point of 
contact. 


15. A tangent to the parabola y*=4az makes an 
angle 60° with the axis. Find its point of contact. 


a16- Find the equation to the tangent to the parabola 


Y ='lx which is parallel to the straight line œ- 4y- 3=0. 
Find also its point of contact. 


all. Find the equation of the tangent to the parabola 
y“ =8x which is perpendicular to a + 2y+7=0, 


18. Find the point on the parabola y” =8x at which the 


normal is inclined at an argle 60° with the positive direc- 
tion of the a-axis, 


19. Find the equation 
perpendicular from the y 
of the parabola y® =4am. 


20. Find the equation to the chord of the parabola 
y? =8x which is bisected at the point (2, — 3), 


21. Prove that the locus of the middle points of all 


to the locus of the foot of the 
ertex on the tangent at any point 
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chords of the parabola y? =4a2 which are drawn through 
the vertex is the parabola y? = Ian. 

22. Find the length of the chord of the parabola 
y? =12xs which is inclined at an angle of 45° with the axis, 
and passes through the point (1, 3). 

23. Find the length of the chord of the parabola 
y? = 202 along the straight line x — 9y+4=0. 

24, Find the length of the normal chord of the parabola 
y? =4ax through an extremity of the latus rectum. 

25. Find the middle point of the line 3y — 4x = 4 inter- 
cepted by the parabola y? =82. 

26. Prove that the product of the ordinates of the 
extremities of a focal chord of a parabola is constant, and 
deduce that the normals at the extremities of any focal 
chord are at right angles. 

27. Prove that the normal chord of a parabola at the 
point whose ordinate is equal to its abscissa subtends 
a right angle at fhe focus. 

98. Find the equation to the common tangent of tho 
parabolas y” = 32% and s? =4y. 

29. Prove that the common tangents of the parabola 

2 = 4am and the circle «* + y? —2ax=3a" are both inclined 
at 30° to the a-axis. 

30. Show that the sum of the ordinates of the extre- 
mities of any chord of a parallel system is constant. 

ANSWERS 
1. (2,6). 2. 18. 3. y=2xr. 5. 8. 
6. (i) 2w- 5)? + (y—3)*}=(82—4y+1)*. 
(ii) 4? — deny +4? +1040 + 148y— 124=0. 


7. (i) (—1, 2) ; (0, 2); 4. (ii) (4, 43); (4, 4); 2. 

8. y=t(eta)- 9. (i) 3x- 4y +12=0. (ii) y=z+3. 
42, z=-1. 14. (3, 6). 15. CE 
16. m—4y+28=0; (28, 14). 17. y=2r+1. 
18. (6, — 4/3). 19. a(x2+-7?)+ ay? =0. 

20. 4a+3yt1=0. 22. 4/6. 23. 80. 


24. Ba /2. 25. (į, 3). 28. 2r+y+4=0. 


CHAPTER VII 
ELLIPSE 


71. Ellipse. 


An ellipse is a curve traced out by a point which moves 


on a plane so that its distance from a fixed point on the 
plane always bears a constant rati i 


distance from a fixed straight line on the plane 
being less than unity, 


The fixed point is called the focus, the fixed straight line 
is called the directrix, and the constant ratio (less than 
unity in this case) is called the eccentricity of the ellipse. 


72. Standard equation of an ellipse. 


Let S be the focus, MM’ th 


p e directrix, and e( <1) the 
given eccentricity of the ellipse, 


Draw SZ Perpendicular from § on IM’, and let it be 


divided internally at A and externally at A’ in the ratio 
e:ll As e< 7, SA’ < A'Z, 


right of S as in the figure, o 
IZM’ as A, S being between A and A’, 
and SA' =e. A'Z, Hence, b i 

A’ are points on the ellipse, 
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Let O be the middle point of AA’. 

Thus, SA+SA’=e(4Z + A'Z)and SA’ - SA=ce AZ - AZ). 
Hence, AA’ or 2CA=e. 204 and 90S =c.AA' =0.20A. 
Let CA(=CA')=a. 

Then oz=7 and OS=ae. Let us choose C as origin, 
and CX along AA’ as x-axis, the y-axis CY being B'OB 
perpendicular to AA’ through C. 


Now P being any point on the ellipse whose co-ordinates 
are (a, y), let PN be the perpendicular from P to the z-axis 
AA’, and PM be perpendicular to the directrix MM’, Then 


ON=2, PM=ZN=Z0+CN= = +2. Also co-ordinates 


of S are evidently — ae, 0 (C~ OS=ae ). 


Hence, from the property of the ellipse, 
SP=e. PM or 8 262 0PM 


wy (x +ae)? +y" =6° (¢ +2) , 


2(—e8) +y2=a7(1-e°), (e< Lhere ) 


or, Œ” 

or, writing a*(1-e")=b", 
Xan yA . 
Stet ee ie (i) 


This being the relation satisfied by the co-ordinates of 
any point on the ellipse, it represents the equation to the 
ellipse in its standard form. 

Here, C, the middle point of AA’ (called the centre) is 
the origin, CA=CA'=344 =a, and b? =a7(1—e°). 


7:3, Shape and elementary properties of the ellipse. 


$ a? 2 
From the equation . a+ pa =1, it is apparent that 


corresponding to any value of m, there are two equal and 


92 CO-ORDINATE GEOMETRY 


p b 7 5 
opposite values of y, namely + A Ja? . Hence, on a line 


Perpendicular to AA’, corresponding to any point P on one 
side of it, there is another symmetrical point P’ on the 


other side. Thus every line perpendicular to 4A’ is 
bisected by it, and accordingly the curve is symmetrical with 
respect to the w-axis. 


Similarly, for every value of y we get two eq and 
Opposite values of x, and thus the curve is symmetric 
respect to the y-axis also. Accordingly if we take points 


ellipse, from symmetry about BOB’, can as well be described 
with S' as focus and KK’ as directrix, e being the same, 
Thus there is a second focus and a second directrix of the 
ellipse symmetrically situated with respect to C. 


Again, from the equation to the ellipse, for y=0 we get 
=a. Hence, the ellipse cuts the z-axis at points A’ and 
A given by r=q and r=- a respectively, Similarly, for 
&=0, we get y= +b, so that the ellipse cuts the y-axis at 

by y=b at B and Y= -b at B’, so that 


Moreover, from the equation of the ellipse, ife > q or 
d ; 


© ah f ; 
< -a a? > 1 and so Y` is negative, and hence y is imagi- 
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nary. Thus there are no points of the ellipse bey 4 

the right, or beyond A to the left, Similarly, oe ee 
She b, x is imaginary, and thus there are no points of the 
ellipse above B or below B’ in the y-direction. Hence, the 
ellipse is limited in all directions, and is a closed curve, 


2 2 


MT f 
Lastly, from the equation a of the ellipse, if 


21, Yı be the co-ordinates of a point P on the ellips i 
satisfy the equation, the co-ordinates = 21, E 
satisfy it, and accordingly the diagonally opposite point @ 
where PQ is bisected at C, is also a point on the aiima, 
Thus every chord of the ellipse through C is bisected at 0, 
and thus the ellipse is symmetrical with respect to the 
origin O, the mid-point of AA’ or BB’. That is why C is 
called the centre of the ellipse. 

The length 4A’=2a along the a-axis is called the major 


avis of the ellipse. 

The Ìength BB’ = 20 along the y-axis is called the minor 
axis of the ellipse. 

The points 4, 4’, B, B' are called the vertices of the 
ellipse. 

The chord LSL’ through the focus S, or D,S'L,’ 
through the focut S’, perpendicular to the major axis AA 
(i.e. parallel to the directrix) is called the latus rectum of 
tho ellipse, both being of same length by symmetry. 


Now ae being the length OS’, the w-co-ordinate of th 
extremity Lı or D’, of the latus rectum is ae. Hence, ae 
the equation to the eilipse, the y-co-ordinate of L, or L’, is 


i are? Vv" 
given by a +73 > 
Hence, y= +b J1-e? = +a(1-e?). 
Thus the length DıL's, or DL’ of the latus rectum 


man eee oe. 
a 
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Semi-latus rectum = mow (1-e?). 
Co-ordinates of the extremity Ly, of the latus rectum 
are ae, a (L- e7). 


The eccentricity of the ellipse is given by 


2 h2 
b? =a? (1-e?) or e?=2 2 J 


Length of the focal distances S'P, SP of any point P on the 
-ellipse : 


Let the co-ordinates of P be (a, y1). Those of S’ being 
(ae, 0), we get 


S’P* =(v, - ae)? +y, =(x; — ae)? +b? (1 =H | 


[ from the equation to the ellipse ] 
=(x, —ae)? +(1—e7)(a2 =a, *) 
[s b? =a" (1-e?)] 
=e°n,*°—27,0e+ a7 =(a—er,)?. ' 


“. S'P=a-ex4, which is the positive value of §'P, 
*.” t <G,as alsoe<1, 


Similarly, SP=a+ex,. 


Thus, SP+S'P=2a=length of the major axis. Hence, 
we get an important property of the ellipse, namely, the 
sum of the focal distances of any point on the ellipse is 
constant and equal to the major amis. 


Cor. Focal distance of an extremity of the minor axis is equal 
to the semi-major axis, ` 

Note 1. As the whole figure is s; 
minor axis Bos', henceforth, for convi 
tion, we shall denote the ri 
vertex (a, 0) as A, and the 1 


ymmetrical with respect to the 
enience, as a matter of conyen- 
ght-hand focus (ae, 0) as S, the right-hand 
eft-hand focus (ae, 0) as S’, the left-hand 
vertex (—a, 0) as A’, the right-hand; directrix haying equation ¢= a 


being denoted by MZM’, and left-hand directrix y= — A as KZ'K’. 
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Bes SB 
Note 2. The equation praat a>b. 


2 42 
If in the equation E the axes of x and y be interchanged, 

. Yen ea (oat el i t 
the equations becomes a F Fried lor be +n. Here, a being greater 


than b, the major axis haying length 2a is along the y-axis, and the 


s of length 2b is along the «-axis. The foci, being on the 


minor axi 
y-axis, will haye co-ordinates, 0, + Ja?—b?. The 


major axis, 4.6. 
eccentricity is as before e= V(a*—0*)/a. The directrices being parallel 


to the minor axis i.2., x-axis here, are given by y= + E 
e 


7'4. Equation to the tangent at a given point 
2 


linseed 
X1, ya, on the ellipse 52+) 2—*- 
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Let P be the point (x1, Y1) on the ellipse 


2 2 
H we s+ (1). 


and let Q (£2, Y2) be a neighbouring point on it. The equation 
to the chord PQ is 


ay. Sm sa (6 
Ui Sy e (w-2) (ii) 
Now since P and @ both lie on the ellipse (i), we have, 
2 
arta +++ (iii) 
at pee (iv) 


2 2 2 2 
Ze — Tı Yo — Yı Ya- Yı bÉ to tm, 
e 1 + Jaia . "= 27e 
a? b* oor To a? Yot yy 
“. equation (ii) can be written as 
Lig dae To +T, 
i 3 FY (e-«;) (v) 


Now make Q approach P and ùltimately coincide with 
it, so that the co-ordinates (9, y2) coincide with (e3, yx). 
In that limiting position, the straight line PQ becomes the 
tangent at P, whose equation [ from (v) ] then becomes 


or, (u~) i +4 (c-«3)=0, 


TTi Ys _ T1? , y4? F 
or, ga + Be ght ae =1. [by (iti) ] 
_ Hence, the equation to the tangent at 2,, Yı to the 
ellipse (i) is 


Me + a, 
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7'5. Equation to the normal at x4, y4 to the ellipse 


x7 eye 
acaba 
The tangent at (wz, 73) to the ellipse is a +b =1, 
ba, OF > o E VEE 
=T pa D Ea 
or y i.” Gh of which the m IS sys 


The normal, which is perpendicular to the tangent 


2 
through g1, Yı, has its ‘m’ =e and accordingly its 


1 


equation is 
ayy 
Ys =o (TT) 
Ui Sealy, Ta 1) 
s Aee hh A AAA] 
or = Tze 
az 2 


2 y2 
7°6. Length of the chord of the ellipse aetia=1, 


intercepted by the straight line y= mx +c. 


Y 


| Ne ya) 
oy AST 


At the points of intersection of the line with the ellipse, 
both the equations are satisfied. Hence, eliminating 


7 
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y between the two equations, the abscisse of the points ai 
intersection will be given by 


we (marc) _ 1, 
a b? 
on at (at) neha) e 0 


which being a quadratic equation in œ, there are only two 
values of « and accordingly, only two points of intersection 
of the given straight line with the ellipse, (real, coincident, 
or imaginary). 


Let (£1, y1) and (Ta, ya) be the co-ordinates of the two 
points P and Q of intersection. Then x, and v, are the 
roots of (i). 


e a 28 = — 2mea? 
PELE tee b? oY ie am? +b? 


{ee l,m a? lc ie 
el ayia h6 1)/(te+ m\= am +b? 
(i= Ta)" =(e, Hga) — Atita 
Am? cPa* __ 4a°(c* — 6°) 


(a@?m? +b*)* a*m? +b? 


_ 4a? Im®ctat = (c* = b*\(a?m? +b%)} 
TA (a*m? + b*)* 
407? (a? "m 245? =U) 
(a?m? + b?)? 


Again P and Q lying on the given line, 
YaHMi1 +o, Yo=mMeete. À. Y1—Yo=mMr,—<2,). 
length of the chord PQ 


z Nle =r) +, —y a75 Vleiz = a2)°(1+m*) 
2 yE *(a?m? toele? ) 
(a*m? + b?)? 
—2ab /1-+m? /a?2m?+b?=¢2 
o oo 
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Cor. Condition of tangency. 

The given line will touch the ellipse only when the two points of 
intersection come into coincidence, i.e., when the length of the chord 
intercepted is zero. Hence, the condition that the given line 


A S a4? > 
y=ma+te may touch the ellipse ete is a2m*+b?—c?=0, or 


c= + Ja?m?+b?. 
77. To show that y=maet Ja?m?+b® is a tangent to 

2 y? 

2 


z rT 
the ellipse anio =] for all values of m, and to find the 


point of contact. 


t 


The tangent at tı, Yı of the ellipse as =] 
+, CF 4 UYI = _ bP yy BF 7 
ie) r ir b? 1, or, ¥ eye 7A -= (i) 


If the line y=mat Ja°m?+b* ~ (ii) bea tangent to 
the ellipse at (1, yı), the equations (i) and (ii) must be 
same. Hence, comparing coefficients, 


2 2 
- bas =m, baie Ja?m?+b?. 
aya Ya 
b? _ a m 


Va amo zı = b2 mea 


The line (ii) therefore will touch the ellipse only if the 
assumed point «3, Yı is really a point on the ellipse 


3 2 
Zt], 


am b 2 
3 tl-a) t a = 
4.0.5 it( Jam? +b e) 1 
which is evidently satisfied. 
ETAM, a ae 
Thus, y= mat aa?m” +b” touches the ellipse pant z Sij 
a , 
whatever m may be, and the point of contact is given by 
ie oe ee 
a Jamet > Ja®m2-tb2 
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Similarly, y=ma— Ja°m*+6" is also a tangent to the 
2 
ellipses + %4 =1, for all values of m, the co-ordinates of, 
a 
the point of contact being 


2a CD pe eR 
Nam? +b? Ja?m? +b? 


78. Auxiliary circle. 


The circle on the major axis Ad’ ofan ellipse as diameter 
is defined as the auxiliary circle of the ellipse. 


The centre of the circle being the origin O, and its 
radius being the semi-major axis a, the equation to the 
auxiliary circle is 

x? ty? =a? 
Let PN be an 


ordinate of the ellipse, which, when 
produced, meets the 


auxiliary circle at Q. 
Then z being the abscissa ON of the point P, from the 


É T y = 
equation aa ye pos 1 of the ellipse, the ordinate of the ellipse 


ELLIPSE 101 


_ Also, from the equation z*+y*=a" of the auxiliary 
circle, the abscissa CN=2 being the same, the ordinate 
QN= Ja?=2?. 


PN 


b 
} cie 
Thus, Oe 


Hence, the ratio of any ordinate of the ellipse to the 
corresponding ordinate of its auxiliary circle is always the 
same, and is equal tothe ratio of the minor axis to the major 


axis of the ellipse. 
Note. Co-ordinates of any point on an ellipse expressed in terms of 
a single variable; eccentric angle of a point on the ellipse. 


Let ZQCN=06. Then, *.. CQ=a, clearly CN=a cos 0, 
NQ=asin@. .. NP= 2. a sin ĝ0=b sin ð. Thus, co-ordinates of 


any point P on the ellipse can be written as a cos 0, b sin 0, in terms 
of a single variable 0. Here, @ is called the eccentric angle of the point 


P on the ellipse. 


7°9, Locus of the middle points of a system of 
parallel chords; diameter. 


y 
Q B 
P 
Al INS s 
Bp 


Let PQ, given by the equation 
y=mz tc ove @ 
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be anyone of a system of parallel chords of the ellipse 
at pt com (ff) 


As the chords are parallel, m is the same for all chords, 
` but c is different for different chords of the system. 


At the common points of intersection of (i) and (ii), 
eliminating y, the abscissw are given by the roots of the 
equation 


or, (a7m* + b?)x* + 2a? mex + a2(c? —b2)=0, + (iii) 
Thus, if (x4, Y1) and (za, V2) be the co-ordinates of P and Q, 


dia E 2Qa* me 
Tı, @ are the roots of (iii), and soz, +£ = PEA 
Hence, if X, Y be the co-ordinates of the mid-point L of PQ, 


2 
a mce 

=4(e,+a,.)= -a 2" 

x ACA Ta) am” +b? 


Also, `.” Z is a point on (i), Y=mX +c. 
eliminating c, 
Y=mX OE SaL = Uy 
am am 


which is independent of o, and so holds for the middle Point 
of any chord of the parallel system. 


Hence, the locus of middle points of a system of parallel 
chords of the ellipse, parallel to y= mv, is 


2 


e os 


a°m 
which is evidently a straight line passing through the 
origin, i.e., the centre C of the ellipse. This straight line 
is called a diameter of the ellipse. For different values of 
m (ies for differently directed system of parallel chords) 
we get different diameters, all passing through the centre. 
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7°10. Illustrative Examples. 

Ex.1. Show that the equation 5”?+9y?+10x—36y—4=0 re- 
presents an ellipse, and find its eccentricity, latus rectum, and co- 
ordinates of the foci. Find also the equations to its directrices. 

The given equation can be written as 

5(x? +22) +9(y?—4y)=4, oF, 5(w+1)? +9(y—2)?= 45, 


a 2 —9)? 
fen a 


—---7----- 


rigin to the point —1, 2, the equation reduces to 


at) coe (i) 


Transferring the o 


which is the standard form of the equation to an ellipse, with centre 


as origin. 

Hence, the given equation represents an ellipse whose centre (the 
new origin) has co-ordinates —1, 2 referred to the original axes of 
co-ordinates. 


Comparing equation (i) with the standard equation 


Thus, eccentricity of the given ellipse is 


ES A/ tebe 2 
= eo 
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fe 5 
Latus rectum=2 =a. 3 os 


Co-ordinates of the foci referred to the centre are 
ae, 0, ie. +3.83, 0, or +2, 0. 


Hence, referred to the original axes, the co-ordinates of the foci 
are (—1+2, 2+0) and (—1-2, 2+0) i.e., (1, 2) and (—3, 2) respec- 
tively. 

Also, the equations to the directrices referred to centre are 
c= + a or t= 2 =t 3 - Hence, referred to original axes, the equa- 
tion to the directrices are c= +3-lie,c=fand a= —7; respectively, 


Yı is inside or outside the ellipse 


z ©? ia 1 
1 according as at roe <lor>l. 


P (zu 4) 


B’ 


Let P be the point where co-ordinates are v,, 


Yı and let CP, the 
line joining the centre (origin) to P intersect the 


ellipse at Q. Then, 
if gu clearly P is outside the ellipse if A > 1 and inside if\ <1, ` 
Now, PN and QM being perpendiculars on the z-axis CAX, clearly 
= ” CM_MQ_CQ_1 
%,=CN, y,=NP, Rao YT, 
age ee oes 

+". The co-ordinates of Q, namely CM and MQ are respectively 

2i, Yi. 


A 
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As Q lies on the ellipse, its co-ordinates will satisfy the equation 
to the ellipse, and hence 
Ba 
A*a” 
Mana the point P is outside or inside the ellipse according as 


ohe 
Hr 
Ex. 3. Prove that the locus of point of intersection of any two per- 


ee tangents to an ellipse is a circle. 


>1lor <1. 


Let 7 ata «++ (i) be the equation to the ellipse. 


Sasa 


Any tangent to (i) isy=ma + slam” +b? -+ (ii). For the per- 


1 1 
pendicular tangent, replacing by — at the equation is j= 


+b or, my=—z + Ja?+b?m? «+ (iii) 


+ 


m 


At the point of intersection of (ii) and (iii) both the equations are 


satisfied. Hence, if we eliminate m between these two equations, the 
relation obtained will-be satisfied at the points of intersection of every 
such pair of perpendicular tangents, and will thus represent the 
equation to the desired locus. 


106 CO-ORDINATE GEOMETRY 


Now, from (ii) and (iii), 
y—me= Ja?m?+b? and my+c= Ja? +b mn. 
Squaring and adding, 
(x? +4?)(1+ m?)=(a2+b?)(1+ m2). 
ot wy? =a? +b? 
which eyidently represents a circle with its centre at the centre of the 
ellipse. 
Note. This circle is known as the director circle of the ellipse, 


Ex. 4. Find the length of the chord of the ellipse teat, 
whose middle point is (3, 2). 


Let the equation to thé chord PQ, whose middle point is (3, 2) be 


5 4—5m = 
y—%=m(a—}), or y=mrt y sr (i) 
The abscissæ of its points of intersection P and Q with the ellipse 
ery? oF 
mtl ato s+ (ii) 
are given by [ eliminating y between (i) and (ii) ] 
a l 4—5m)?_ 
ae tigymet 10 } =I, 
hes 
or, (16+ 25:4)? + 5m(4— Bla A= Bl? = 1600 _ S) 


Now, if (xı, yı) and (ea, Ya) be the co-ordinates of P and Q, then 
©, @q are the roots of (iii), 

— 5m(5m—4) 2 

Hence, v, +2,= 16+ 952 tse s+ (iy) 


=(4—5m)? — 1600 
and = ay,r.= 4(16-+25m2) . fot s+ (v) 


But the abscissa of the middle 


Point of PQ is given to be 4 
ce 3(@1+%.)=3, or, %+2,=1, 


+ from (iv), 16+ 25m? = 5m(5m— 4). e m=- t 


«a (v) gives Tie =, 


ee (@1—2)*=(@1 +0)? — 4r m, =1+48=49. = i 
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As Pand Q both lie on (i), 
gi —$=M(e,—4), ya- = m(t- }). 
ste Ya Ya = m1 — 22) = —3(@1 — 22). 
we PQ= Je ea)? (ia) = Nle e LES 
= /4 4 Jai. 


2 ya > 
Ex. 5. Prove that in the ellipse ote, if the line yama 
bisects all chords parallel to y=ma, then y=mz also bisects all chords 


parallel to y=m'x. 
As in § 7'9, we see that the bisector of all chords parallel to y=ma 


e 4 b? Soa. ET 

is the diameter y= —73,, a. Hence, if this diameter be given to be 
b? , b? 

y=m'x, we must haye m= Sea OLIN Sse (i), which is the 


condition that y=m’x may bisect all chords parallel to y= mx. 
Similarly, the condition that y=mx may bisect all chords of the 


b° Reis vs P RCRA 
ellipse parallel to y=m's is m'm=— 77 which is identical with (i). 


Hence, if y=m’x bisects all chords parallel to y=me of the ellipse 
zirin, thon y=me will also bisect all chords parallel to y=m'e, 
a p 


the common condition being mm'= -77 


2 


Hence, if a diameter of an ellipse bisects all chords parallel to 


another diameter, the latter will also bisect all chords parallel to the 


former, 
Two such diameters are referred to as conjugate diameters of the 


ellipse. 


Examples VII 


4. (i) Find out the eccentricity, and the co-ordinates of 
the foci of the ellipse 9g? + 25y2 = 225. [ H. S. 1960] 
(ii) Find the co-ordinates of the foci of the ellipse 

9g? + 5y’ = 49. 
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h llipse has its major axis along the g-axis and 
ates vee ene the y-axis. Its eccentricity is $ and the 
distance between the foci is 4. Find its equation and show 
that the ellipse passes through the point (2, 3). 


LH. S. 1961 Compartmental ] 


3. (i) Find the equation to the ellipse whose centre is 
fhe origin, whose axes are the axes of co-ordinates, and 
which passes through the points (- 3, +P) and (0, - 4). 


Find also the co-ordinates of its foci. 


(ii) An ellipse having centre as origin and axes along 
the co-ordinate axes, passes through the points ($, — 3) and 
(— J6, 2). Find the equations to its directrices. 


4, Find the equation to the ellipse having centre as 
origin, and axes along the axes of co-ordinates, whose latus 


rectum is 6 and eccentricity }. Write down the co-ordi- 
nates of the extremities of its minor axis, 


5. (i) The latus rectum of an ellipse is half its major 
axis, Find its eccentricity. 


(ii) The distance between the focus and directrix of 
an ellipse is 16 inches and its eccentricity is $. Obtain the 
lengths of its principal axes. 


6. Find the equation to the 


ellipse whose focus is 
(EID, eccentricity is $, and direct: 


rix is v-y+3=0. 
7. Find the latus rectum, ecce; 


ntricity and co-ordinates 
of the centre and foci of the ellipse 


(i) 32° +4y? +6r-8y=5. 
(ii) 92? + 5y? — 30y=0, 
8. Is the point (i) (2, — 13) (ii) (2, — 1), inside or outside 
the ellipse 42° + 9y? =36 9 


9. Find the equation to 
9w? +16y? = 144 having equal 
axs. 


the tangent of the ellipse 
Positive intercepts on the 
{ H. S. 1961] 
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10. Find the distance irom the origi Doi 
gin of the 

where the tangent at the extremity of a latus rectum pees 

ellipse 9a" + 25y" = 225 intersects the major axis. 


[ H. S. 19601 
41. Show that x- 3y=183 touches the ellipse. 
2 3 
g Bins 
4 =], [ H. S. 1960 Compartmental ] 


What are the co-ordinates of the point of contact ? 
12. Bind the equations to the tangents to the ellipse: 
9w? +16y2=36 which are parallel to 8x- 3y +7 =0, and 
find out the points of contact. P 


2 2 
13. Ifa tangent to the ellipse a + Ta =] makes intercepts 


a and ß_ along the axes of lengths a and ß, proye that- 
a?/a? +b°/B°=1. 


14. Prove that the 
the foci on any tangen 


equal to the square on 
15. The straight line 32—5y+25=0 touches an ellipse 
long the axes of co-ordinates, and 


whose principal axes are a re 
whose eccentricity in given to be %. Find the distance 


between the foci of the ellipse. 
46. Find out the equation to the normal to the ellipse 
Qe? + 7y2 =71 at (2, = 3) and determine the distance of the 
oint where it intersects the major axis, from the foot of 


the ordinate. 
47, Write down the 


Beye 
ellipse (2 + 5 
show that if it pa 
the eccentricity ©: 

48. Ifthe normal to the ellipse #7 +3y2=12 at a poi 
d at 60° to the major axis, show that the line 


product of the perpendiculars from 
t to an ellipse is constant, and is 
the semi-minor axis. 


equation the normal to the 
lat an extremity of the latus rectum, and 
sses through an extremity of the minor axis, 


f the ellipse is given by e7 =3(./5—1), 


be incline 
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joining the centre to the point is inclined at 30° to the 
same axis. 


19. Obtain the equation to the chord of the ellipse 
z +E =1 which is bisected at the point (2, — 1). 


2 2 
20. Find the length of the chord of the ellipse T d T hal 


intercepted by the line «+y=3, What are the co-ordinates 


of its middle point ? 


21. Find the equation to the diameter of the 


E ellipse 
6z? +9y°=1 bisecting all chords parallel to y= g. 


22. Show that the straight lines 3y =4% and ©+3y=0 


2 2 
each bisects all chords of the ellipse F + T =1 parallel to 
the other. ý 


ANSWERS 


1. (i) £3 (44, 0). (ii) (0, £9), aaea ua 


s J 3 A a? a 
8.) S+i6=Li (+3,0), (i) y= £443. 4. Tetig =L (0,42 v9), 


5. (i) J (ii) 30 inches, 24 inches. 
6. Site+1)?+(y—1)*}=(@—y-+3)2, 
or, Ta" + Qny-+7y? +102—10y-+7=0. 


7. (i) 35.45 (1,1); (0, 1) and (—9, 1), 
-and (0, 5), 8. (i) Outside, (ii) Inside. 
114. ($, = 42). 12, 2z—Qy= +5; (8, 


(ii) 855 35 (0, 8); (0, 1) 
9. a+y=5, 10. 6i. 
—ro) and (—$, $). 


15. 6. 16. 2lz+4y=30; -4 17. @=e(y+a0?), 


19. 82—9y=25, 20. T5 GE 43), 21. 2r+3y=0, 


CHAPTER VIII 
HYPERBOLA 


8'1. Hyperbola. 


A hyperbola is a curye traced out by a point which 
moves on a plane so that its distance from a fixed point on 
the plane always bears a constant ratio to its perpendicular 
distance from a fixed straight line on the plane, the ratio 
being greater than unity. 

The fixed point is called the focus, the fixed straight line 
is called the directriz, and the constant ratio (which is 
greater than pnity in this case) is called the eccentricity 


of the hyperbola. 
8'2. Standard equation of a hyperbola. 


Let S be the focus, MM the directrix, and e(>1) the 
given eccentricity of the hyperbola. 


Draw SZ perpendicular from S on MM’, and let it be 
divided internally at A and externally at A’ in the ratio e: 1. 
Kava Sau A'Z, and accordingly A’ is to the left of 
S as in the figure, on the side of the directrix MZM’ 


opposite to A, S being not between 4 and A: 
Then, SA=e.AZ and SA'=e.4'Z. 
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Hence, by definition of the hyperbola, A and A’ are 
points on the hyperbola. 

Let C be the middle point of Ad’. 

Thus, SA+SA'=e(AZ+A’Z) 

and SA’—SA=e(4’Z- AZ), i 

or, 20S=e.AA’=e.2CA and AA’ or 20A=c,2CZ. 

Let CA=0A'=a. Thus, CS=ae, and OZ = . b 
Let us choose C as origin, and CX along A'A as w-axis, 


the y-axis CY being parallel to M’M i.e., perpendicular to 
A'A through O. 


Now, P being any point on the hyperbola, whose 
co-ordinates are (w, y), let PN be the perpendicular from 
P to the a-axis, and PM be perpendicular to the directrix 


MM’. Then, ON=2, PM=ZN=ON-OZ=2-%- Also 
co-ordinates of S are evidently ae,0. (`. CS=ac). 
Hence, from the property of the hyperbola, 
SP=e.PM, or SP*=e?Py?, 
læ- ae)? + y? =e" (v - a)", 


or, 2*(e*—1)—y?=a7(e?—1), ( a 


e > 1 here) 
or, writing a*(e?-—1)=52, 
pe 
ab? T o) 


This being the relation satisfied by the co-ordinates of 
any point on the hyperbola, it represents the equation to 
the hyperbola in its standard form. 


Here O, the middle point of Ad’ (called the centre) is the 
origin, CA= CA’ =a, and b? =a*(e?—1), 
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8'3. Shape and elementary properties of the 
hyperbola. 


2 2 
TA E DEE 
From the equation z -p71 of the hyperbola, the 


following points may be noted : 


Tf y=0, v= Ea, 80 that the hyperbola cuts the w-axis 
at points Aand A’ given by =a and w= —a respectively. 


Tt 2=0, y? 
ingly the curve does no 


is negative and so y is imaginary. Accord- 
t cut the y-axis at all. 

For values of a<a or 7G (ie, within 44’), 
a) iaa 1 is negative, 


b? i a : : , 
is no portion of the hyperbola within the range AA’. 
2 2 
y 
2 


g? x 

a > land s0;3—7a-1 

`; tiye. Hence, y has two equal and opposite values. 

nene g to the right, or from 4’ to the left, the curve 
ue metrical with respect to the w-axis, y 


j m: 
extends, being SY sea a 
having greater and greater magnitudes as the magnitude of 


x becomes greater and greater. 


and so y is imaginary. Hence, there 


For values of v > @ or < 74, 


2 


=1+ a is positive, and so 


Hi 
Again for any values of y, 3 


8 
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Pane two equal and opposite values. Hence, the curye is 
symmetrical with respect to the y-axis. 


Thus, the hyperbola consists of two detached portions as 
shown in the figure, extending from A towards the right 
and from A’ towards the left, being symmetrical about both 
the x-axis and the y-axis. 


From symmetry about the y-axis CY, we see that if we 
take points S’ and Z’ on the z-axis such that 0S’=CS and 
CZ'=CZ on opposite sides of C, and draw KZ’ K’ parallel 
to MZM’, the curve might be drawn equally well with S’ as 
focus and KZ'K' as directrix, e being the same as before. 
Hence, a hyperbola has a second focus and a second directrix 
symmetrically situated with respect to C. 


Lastly, if x4, Yı be the co-ordinates of a point P on the 


2 
hyperbola so that they satisfy the equation ia = A =1,the 
co-ordinates —@, — Yı will also satisfy it, and accordingly 
the diagonally opposite point Q, where PQ is bisected at C, 
is also a point on the hyperbola. Thus, every chord of the 
hyperbola through C is bisected at C, and so the hyperbola 
is symmetrical with respect to the origin O, the mid-point 
of AA’, This is why C is called the centre of the hyperbola. 


The -axis is here referred to as the transverse axis, 
and the length AA'=9q is called the length of the trans- 
verse axis. The y-axis here is referred to as the conjugate 
axis, and a length BB'=2b (where CB=CB' =D) along this 
axis is referred to as the length of the conjugate axis. 


The chord LSI’ through the focus S (or L4 9' L’, through 
the focus S') perpendicular to the transverse axis (i.e. 


parallel to the directrix) is called the latus rectum of the 
hyperbola. 


, Now, ae being the length OS, the 2-co-ordinate of the 

extremity L of the latus rectum is ae. Hence, from the 

equation to the hyperbola, the y-co-ordinate of L is given by 
ae e? y? 


2 ote 
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Hence, . y=+b./e?-1=+a(e?-1). 


Thus, the length LL’ of the latus rectum 


=2a(e?-1)=2 Ù. 
a 


<. Semi-latus rectum = Giz ale? —1), 


Co-ordinates of the extremity L of the latus rectum are 
ae, ale? — 1). 

The eccentricity of the hyperbola is given by 

a?+b? 

b?=a?(e? —1) or Ca 
Note 1. If a=b, the hyperbola is said to be a rectangular or 
For a rectangular hyperbola the eccentricity 

e= N2. 
Note 2, Lengths of the focal distances SP, S’P of any point P 


equilateral hyperbola. 


on the hyperbola : 
Let the co-ordinates of P be (xı, /:). Those of S being (ae, 0) we 


2 
SP? =(a,— a0)? +y17= (a a0)? +0 (es -1) 


[ from the equation to the hyperbola ] 
b?=a(e*—1)] 


got 


= (a, —ae)?+(e?—1)(2,7—a*) [rey 
=0%n,?—22,ae+a?=(ex,—4)?. 
sSP=ex,—a, which is the positive value of SP, 


pecan Oy: > aand e > 1 here. 

Similarly, S'P=ex, +a. 

Thus, S’P—SP=2a=length of the transverse axis. 

Hence, we get the important property of the hyperbola, namely, the 
difference of the focal distances of any point on the hyperbola is constant 


and equal to the transverse axis. 
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8'4. Equation to the tangent at a given point x1, y4 
2 2 
on the hyperbola = = =1. 
Let P be the point x1, Y4 on the hyperbola 
2 2 
Ta sYa i 
ub 1 eae > 10) 


and let Q(ae,y2) be a neighbouring point on it. The 
equation to the chord PQ is 


e (=i) od (Ge) | 


—_— 


Now, since P and Q both lie on the hyperbola (i), 
we have 


2 2 
To Ve 


i =e < (üi a Be =1 +. (iv) 


May b’ to tay 
Ta- w1 G? Ya +Y 


o) 


_ Now, make Q approach P and ultimately coincide with 
it, so that the co-ordinates (a, Yə) coincide with (ta, Ya). 
In that limiting position the straight line PQ becomes the 
tangent at P, whose equation [ from (v) ] then becomes 


b? 
Sata CEEA 


y- yi 
T. 
or, p3 (¥-t)= "8 (z-z), 


or ga eo ARTH bee [ by (iii) | 
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Hence, the equation to the tangent at %1, Yı to the 
hyperbola (i) is 
XX4_VVi_y 


a? b? 


8'5. Equation to the normal at x4, yı to the hyper- 


Be ae 
bola ae ue =1. 
s TE YY 
The tangent at ae y1) to the hyperbola is 73! — ys =1, 
b2 a, Say. 
ia (nee 
4 ay Yı a's 


The normal which is perpendi¢ular to the tangent 
O ECE p ; 
through æ, Yı, bas its m = RAR and accordingly its 


equation is 


OUE 
Y-Y TET (e-«,), 


3 LEXI ya 
or, ae 

a? b? 

8'6. Length of the chord of the hyperbola Ša -i 


intercepted by the 


straight line y=mxtc. 


P (21, 9:) 


(22, 42)Q 
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At the points of intersection of the line with the hyper- 
bola, both the equations are satisfied. Hence, eliminating 


y between the two equations, the abscisse of the points of 
intersection will be given by 


a” (meto) 1, 4 


a? b? 
or, (a°m?-—b°)s? +2mca°s+a?(b?+c°)=0 ... (i) 
which being a quadratic in 2, there are only two values 


of and accordingly only two points of intersection of the 


given straight line with the hyperbola (real, coincident or 
imaginary), 


Let (%1, Y1) and (aa, Y2) be the co-ordinates of the two 


points P and Q of intersection. Then, #, and aq are the 
roots of (i), 
_ _ _2mca? ab" tc*) 
CEA yas -b° and mita = am” —b? 
(v1 - r) = (t1 tTa)" -— 40120 
4m?c?a* a la “(6° +c?) 


a m? -b°)? am” -b? 


— 4a {m*c?a* — (b° + c°)(a°m? —b%)} 


(a*m* -b?)? 
40b? (c? =a*m* esto) 
(a*m* — b*)? 


Again, P and Q lying on the given line y=mr+c, 
Yı = MEI +C, Ya = ME +C. 


als of the chord PQ 
= 2)" +y- Ye)? = Ne 1 — T2) (1 +m?) 
Lere öz zam? a*m? +b) Em? ) 
(a? m? — b°)? 
_2ab J1+m? Je? Zam? +b? 
a?m? -b2 


Y-Y = may — ta). 
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Cor. Condition of tangency. 

The given line will touch the hyperbola only when the two points 
of intersection come into coincidence, é.e., when the length of the chord 
intercepted is zero. Hence, the condition that the given line y=max+e 


LELES 
may touch the hyperbola aap lis 


c?-—a*m*+07=0, or, c=+ J/a2m?—pb?2. 


8'7. To show that y=ma+ Ja*m*—b® is a tangent to 


2 2 
the hyperbola ag = E =] for all values of m, and to find the 


point of contact. 


The tangent at X1, Yı of the hyperbola aa fei is 
2 p2 
oy Ys ELE Ao HG 
Ge penn Oh Ue Gay 7 ) 


If tho line y=mat sam? =b? -~ (ii) be a tangent to 
the hyperbola at (21, Y1), the equations (i) and (ii) must be 
identical. Hence, comparing coeficients, 


j b? POST Moe x | 
bras =m, ——= Jam =b; 
ays Yı 
b? V _ mary, _ ma? 
E eget 
caen Nam? -b° ~* b* slam? — b? 


The line (ii) therefore will touch the hyperbola only if 
the, assumed point %1, Yı is really a point on the hyperbola 


(- an) -( -SÜ )=1 
Ja?m? —b? a?m*?—b? 


which is evidently satisfied. 
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Thus, y=ma+t J/a*m?—b? is always a tangent to the 
2 2 
hyperbola a a. whatever m may be, and the point 
a 


of contact is given by 


Nee a?m b? 
Kn Maem2—b2?? ¥* Namee b? 
Similarly, y=ma— /a?m*—b* is also a tangent to the 


hyperbola 2 = 5 =1, for all values of m, the co-ordinates 
of the point of contact being 

LACES Bl mS 
Na®m?—b* Ja?m?—b* 


0 


8'8. Locus of the middle points of a system of 
parallel chords ; diameter. 


Ne 


(zu 1) 


(Ear Ya) 
Let PQ, given by the equation 
y=man +c TER) 
be anyone of a system of parallel chords of the hyperbola ' 
3 (ii) 


As the chords are parallel, m is the same for all chords, 
but c is different for different chords of the system. 
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At the common points of intersection of (i) and (ii), 
eliminating y, the abscissæ are given by the roots of the 
equation 

g? (mate)? _ 
ce) wi 
or, (a2m? —b?)x? + 2a° mex +a? (b? +62)=0. +++ (iii) 


Thus, if (es, y1) and (we, Y2) be the co-ordinates of P 
and Q, #4, Ta are the roots of (iii), and so. 


L 184%me., 
3 + @a = ~ (3m? = 52 

Hence, if X, Y be the co-ordinates of the mid-point 
V of PQ, 


a°mc 
v=1 (g, +g) =- . 
X=} ( 1 2) am? —b* 


‘Also, ^. Visa point on (i), Y=mX +c. 


eliminating c, 


- a?m(Y—mX), or, —b*X=-a°mY, 


X= mo" 


2 


or, Y= n X, which being independent of c holds 
a 


for the middle point of any chord of the parallel system. 
Hence, the locus of the middle points of a system of parallel 
chords of the hyperbola, parallel to y= mz, is 

2 


Vien nl x 

which is evidently a straight line passing through the 
origin i.e., the centre C of the hyperbola. This straight 
line is called a diameter of the hyperbola. For different 
values of m (i.e, for differently directed system of parallel 
chords) we get different diameters, all passing through 


the centre. 
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8'9. Asymptotes of a hyperbola. 


We have noticed in § 8'7 that the line given by 


y=ma2t /a*m?—b? is always a tangent to the hyperbola 
2 2 
z z = 1, and the co-ordinates of the point of contact are 


= ere me TETE Now, if m be so chosen that 


a?°m? -b° =0, or m= + b, the co-ordinates of the point of 


contact both tend to infinity. 
Hence, the straight lines y= + ? x are both tangents: to 


2 2 
the hyperbola A = b? 1, where the points of contact tend 


to infinity. These lines are defined as asymptotes to the 
hyperbola, 


They are inclined to the transverse axis at an angle 0, 


b a 4 
where tan 0= + T Hence, with sides equal and parallel 
to the transverse axis 24 and con 


£ jugate axis 2b of 
hyperbola, if we construct a recta ore 


mgle with centre at the 
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origin, the diagonals will be the asymptotes, which will 
continually approach the hyperbola, and will ultimately 
touch it at infinite distance. 


In the particular case when b=a, the asymptotes are 
inclined to the a-axis at angles +45°, and so they are 
mutually perpendicular. The hyperbola in this case, when 
jts transverse and conjugate axes are equal in length, is 
defined to’ be a rectangular or equilateral hyperbola, having 
its asymptotes mutually perpendicular. 


8'10. Illustrative Examples. 


Ex. 1. The co-ordinates of the foci of a hyperbola are (—5, 3) 
and (7, 3), and its eccentricity is $. Find its equation and determine 
the length of its latus rectum. 2 

Let S (7,3) and S' (—5.3) be the given foci. The eccentricity 
e=%. If 2a be the length of the transverse axis, then SS’=2ae, 

or, 12=2ax 3. vw. aah 

Also, 2b being the conjugate axis, 

b? =a2(e?-1)=16 (¢-1)=20. 

Hence, the length of the latus rectum 


apta 
=27 52g 1 


Again, the middle point C of SS’ is clearly the centre, and its 
co-ordinates are 
4 (7-8) and 4(3+3), åen (1, 3). 
‘Algo, the transverse axis, which is along the line SS’ has equation 
<(y—3)(7+5)=(@-N(B-3)=0, ie. y=3 
and hence it is parallel to the a-axis. 
Now referred to the centre C as origin, and transverse axis as 


x-axis, the equation to the hyperbola (whose a*=16 and 6?7=20) is 


evidently 


Hence, referred to given axes [ with reference to which C has 


- co-ordinaies (1, 3), and to which the transverse and conjugate axes 
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-of the hyperbola are parallel ] the required equation to the hyperbola 
is evidently 


GE _(y—3)? _ 3 i 
16 ae à gO 
Alternatively 
Since the difference of the focal distances of any point on the 
‘hyperbola is equal to its transverse axis, which is 22=8 here, if (a, y) 
‘be the co-ordinates of any point on the hyperbola, 
N(e+5)? + (y-3)? ~ J(@=7)? +(y=3) =8, 
or, J(e+5)? + (y N(e-1)? +(y-3)? £8. 


Hence, squaring and transposing, 
242—88= +16 ,/(g—7)* +(y—3)*, 

or, (32-11)? = 4{(x—7)?+(y—3)*}, 

or, 5z2?—4y?— 10x-+247)—111=0 
-which is the required equation to the hyperbola, and is the same as 
equation (i) already obtained above. 

Ex, 2. Prove that the tangent to the hyperbola x*—3y?=12 at the 
point (—6, 2/2) bisects the angle between the focal distances of the 
point. 


The given equation to the hyperbola can be written in the form 


and hence the co-ordinates of its foci S and S' are easily seen to be 
+ /12+4, 0 ien +4, 0. 


Now P being the point (—6, 24/2) on the hyperbola, the equations 
to the focal distances SP and S'P are 


J t 
y= “3 (w—4), ien oJ24+5y—4/2=0-+ (ii) 


*_ 2/2 ` 
and y= 22 +4), ien 0J2+y+4J/2=0 -- (iii) 


respectively. 
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The equation to the bisector of the angle SPS’, i.e., between (ii): 
‘and (iii), in which the origin lies, is 


en2+5y—4N2_es2+yt4 J2 


— /24+25 S241 
or, x J2+5y—4 J2+3(x J2+y+4./2)=0, 
or, at J2y+2=0 oo a - (iv) 


Now equation to the tangent to (i) at (—6, 2/2) is 
(2 sJ2) _ 
ye 


or, a+ J2y+2=0, the same as (iy). Hence, the tangent at the 
point is the bisector of the angle between the focal distances of the 
point. 

Ex. 8. Find the length of the chord of the hyperbola %*—4y?=9 
along the straight line w+4y+ 3=0, and determine the co-ordinates 
of its middle point. 

At the points of intersection of the hyperbola x? — 4y? =9 ++ (i) 
with the straight line v+4y+3=0 --- (ii), eliminating x, the ordinates 
are the roots of 

(4y-+3)?—4y?=9, or, yly+2)=0. 


c. y=0, or -2. The corresponding values of w from (ii) are 


w=—3 or 5, 

Hence, the co-ordinates of the extremities of tho chord are (—3, 0): 
and (5, —2). 

Thus, the length of the chord= ,/(—3—5)? + (04+2)7=2 NIT. 

Also, the co-ordinates of the middle point of the chord are- 
3(—3+6), 30-2) ie, 1, —1. 

Ex, 4. Prove that the portion of the tangent at any point of ‘a 
hyperbola intercepted between the asymptotes is bisected at the point of 


contact. / 


To gie s+ (i) be the equation to a hyperbola. Its 


D? 


b T b 3 
asymptotes are given A as (ii) and y=— Gh See (iii), 
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The tangent at any point P(z’, y) to the hyperbola (i) is 


a ++ (iv). This meets (ii) at a point Q whose x co-ordinate 


{by eliminating y between (ii) and (iy)] is given by 


2 r 
[eye ee Se 
a at quently OF ow 
a b 
Similarly (iv) meets (iii) at R whose z-co-ordinate is given by 
= a a 
aye 
4 @ a 


The z-co-ordinate of the mid-point of QR is 


1 a a oe 7 
a] z 7 acd e [by (i) J. 
A wee ero 


Similarly, the y-co-ordinate of the mid-point of QRis y. Thus, 
P is the mid-point of QR. 


Examples VIII 


1. Obtain the equation to the hyperbola whose focus 
is (a, 0), directrix is the straight line x=4a, and eccentri- 
city is /2. [ H. 8. 1960] 


2. Find the equation to the hyperbola, referred to its 
axes as axes of co-ordinates, 
G) whose eccentricity is VZ, and distance between 
its foci 16. 


(ii) whose latus rectum is 10% and distance between 
focus and directrix is 34. 


3. In the hyperbola 4x?-9y?= 36, find the lengths 
of the axes, the co-ordinates of the foci, the eccentricity and 
the length of the latus rectum. [ H. S. 1961] 


4. A point moves on the plane of the co-ordinate axes 
so that the difference of its distances from the points 
(+ 3, 0) is always 4. Prove that it traces out a hyperbola 
whose eccentricity and length of latus rectum you are to 
determine. 
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5. By transferring the origin suitably, show that the 
equation 527 — 4y? — 20x — 8y — 4 =0 represents a hyperbola, 
and determine its eccentricity, co-ordinates of its foci, and 
equations to the directrices. 


A 6. a Find the co-ordinates of thé foci of the hyperbola 
Oe y= OF 


Also find the distance from the origin of the point where 
the tangent to the above hyperbola at (5, 4) meets the a-axis. 
[ H. S. 1960, Compartmental ] 


„32 2 
7, Show that the tangent to the hyperbola Te S55 1 


at'each of the points (i) (—5, 2), (ii) (8, — 3 V3) bisects the 
angle between the focal distances of the corresponding 
point. 

8. Find the length intercepted on the conjugate axis 
between the tangents at the two extremities of a latus 
rectum of the hyperbola Ts? — 9y? = 63. 


9. (i) Find the points on the hyperbola 3x? — 5y° = 15 at : 
which the tangents are inclined at 60° to the a-axis. 


(ii) Find the tangents perpendicular to v +2y=0 of 
the hyperbola 7z*—4y2=28, and find the points of 
contact, 


40. Prove that the locus of the point of intersection 
of any two perpendicular tangents to a hyperbola is a 
circle. 


41. Find the equation to the normal to the hyperbola 
16x? -25y?=81 at the point whose ordinate is —3 and 
abscissa positive. 


12. In the rectangular hyperbola Œ? — y? =a", show, that 


(i) the intercept on the «z-axis of the normal at any 
point is double the abscissa of the point. 


(ii) the length of the normal at any point intercepted 
between the axes is bisected at the point. 
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18. Obtain the length of the chord of the hyperbola 


= ~¥ =i, passing through the origin and making equal 
angles with the axes. [ H. S. 1960, Comparimental ] 
14. Find the equation to the chord of the hyperbola 
æ? — 2y° =1 which is bisected at the point (—3, — 1). 
15. Find the length of the chord of the hyperbola 
a? 2 . 


y2 f 
Loge ee +2y= 
167 9 1 along the line 3x + 2y =12. 


16. Find the equation to the diameter of the hyperbola 


or - a =1 bisecting all chords parallel to v- 2y+7=0. 


17. If P be a point on a rectangular hyperbola, prove 
that SP.S’P=CP?, 


\ 
2 2 
18. The normal at any point of the hyperbola aa = be =] 


meets the axes in M and N, and lines MP and NP are 
drawn at right angles to the axes ; prove that the locus of 
P is the hyperbola 


a%a* — b?y? = (a? +8)°, 


ANSWERS 
1. 2n?-2y?=a7, D o ee 
ins Er 2. (i) 22-7? =32. (ii) 5 Vel. 
3. 6,4; (+ /13, 0); 4/18; 93. 4. 23 6. 
5. &3 (5, —1) and (—1, —1); 2=8} and =3. 6, (£32, 0); 14. 
8. 6. 9. (i) (3 se) and (- 5, a A. 


' (ii) y=22+3; (3,3) ana(-8, -9. 11 75x —64y= 492. 
13. 782. 14. 82-Qy+7=0, 15. $ VIB. 16. 5u—2y=0, 
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CHAPTER I 
FUNDAMENTAL CONCEPTS AND DEFINITIONS 


11. We give below definitions and chief characteristics 
of some fundamental entities used in Solid Geometry. 
(i) A point has position but no magnitude ; that is, 
it has neither length nor breadth nor thickness. 
(ii) A line has length but no breadth and thickness, 
(iii) A surface has length, breadth but no thickness. 
(iv) A solid has length, breadth and thickness. 
Thus, a brick is a solid, one of its six faces is a surface, an edge is 
‘a line and a corner is a point. 
Each of the three elements (1) length, (2) breadth and 
(3) thickness of a body is called a dimension of the body. 
Thus, a point has no (or zero) dimension, a line has one dimension, 


a surface has two dimensions and a solid has three dimensions, 

A solid is bounded by surfaces, a surface is bounded by lines and 
a line is bounded by points. , 

Solid Geometry deals with the properties of lines, 
surfaces and solid in three dimensional space. 


When co-ordinates are not used in the treatment of 
Solid Geometry, it is called Pure Solid Geometry and when 
co-ordinates are used, it is called Analytical Solid Geometry. 


This present treatise is a Pure Solid Geometry. 
1°2. If a surface be such that the straight line joining 


any two points in it lies wholly on the surface, it is called 
a plane surface or more simply a plane. 


Note. In this treaties straight lines are supposed to be of infinite 
length and the planes of infinite extent unless anything to the contrary 
is stated. The expression lies wholly on the surface means that every 


9 
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point in the straight line however produced both ways-lies in the 
surface, 


1'3: Lines are said to be co-planar if they bein a plane 
or a plane can be made to pass through them. ` 


1'4. Two straight lines are said to be parallel, when 
they lying in the same plane, do not meet however far they 
may be produced both ways. It should be noted that every 
pair of parallel straight lines is co-planar. 


1°5. Lines are said to be skew when a plane cannot be 
made to pass through them and they do not meet however 
far they may be produced. 


Thus, it should be noted that skew lines neither intersect 
nor are they parallel. 


From (1'3), (1°4), (1'5), it is clear that two straight lines 
are either co-planar or skew. If they are co-planar, they 
either intersect or are parallel and if they are not co-planar 
ien if they are skew, they neither intersect nor are they 
parallel. 

1°6. Planes are said to be parallel when they do not 
meet even if they are indefinitely produced in any direction. 


1'7. A straight line and a plane are said to be parallel 
when they do not meet even if produced indefinitely in 
any direction. 


c R 


Fig. 1 
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In the adjoining figure, the lines PQ, BD are parallel; they lie in 
the plane PQDB. PQ, OB are skew lines.. Planes PQDB, OARC, are 
parallel, Straight line PQ is parallel to the plane OARC. 


1°8. A straight line is said to be perpendicular to a 
plane, if it is perpendicular to every straight line which 
meets it in that plane. : 


Such a straight line is said to be normal to that plane. 


Fig. 2 


Thus, PO is said to be perpendicular to the plane XY if it is 
perpendicular to every straight line OA, OB, OC, OD etc. drawn in the 
plane to meet it at O. 

4°9. Ifa straight line is parallel to the direction of 
a plumb-line hanging freely at rest, it is called a vertical 
line. The plane which is perpendicular to the vertical line 
is called the horizontal plane. > 

Any straight line drawn in the horizontal plane is called 
a horizontal line. 


4°10. Tho angle between two skew straight lines (i.c., two 
non-co-planar straight lines) is measured by the angle 
contained by one of them and a straight line drawn through 
any point in that line parallel to the other. 


Let AB and CD (Fig. 3) be two skew straight lines ; through any 


point P on AB draw the straight line PQ parallel to CD. Then 7 QPB 
is the angle between the skew st. lines AB and CD, 
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Since, the sides of a triangle alllie in one plane, a triangle 
is a plane figure ; a parallelogram is also a plane figure, but 


D 
ae ~Q 
Pa. 
ENNS Tit he. 
A P B 
Fig, 3 


all the sides of a quadrilateral need not lie in one plane, 
so a quadrilateral may or may not be a plane figure. If 
a quadrilateral be drawn such that two of its adjacent sides 
lie in one plane and the other two in another plane, such 
a quadrilateral is called skew or gauche. If the extremities 
of a pair of finite skew lines be joined, a skew quadrilateral 
is formed. 

That the sides of a quadrilateral need not lie in one 
plane can be easily seen by folding a plane quadrilateral 
about either diagonal 

1'11. The locus of the feet of the perpendiculars drawn 
from all points in a line on a given plane is called the 
orthogonal projection (or simply the projection) of the line 
on the plane. b ° 


’ Fig. 4 
In the adjoining figure, the projection of the line PQ on the plane 
XY is the line pq. 
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The projection of a straight line is itself a straight line. 
A straight line and its projection are co-planar. 


Q 


Fig. 5 


In the adjoining figure, the straight line pg is the projection of 
the straight line PQ. PQ, pg are co-planar. 


The projection of a curved line on a plane may be 
a curyed line, as in Fig. 4, or it may sometimes be a straight 
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line when the curved line lies on a plane perpendicular to 
the plane of projection. 


112. The angle between a straight line and a plane is 
measured by the angle between the straight line and its 
projection on the plane. 

Let the straight line PQ (Fig. 6) and its projection pq (on the 
plane XY) produced if necessary meet at the point Rin the plane XY 
(as shown in the adjoining figure). 


Then ZQRq is called the angle between the straight line PQ anà 
the plane XY. 


113. The angle between two planes is measured by the 
plane angle contained by the two straight lines drawn from 
any point in the line of section of the two planes, perpendi- 
cular to that line of section, one in each plane. 


This angle is called a dihedral angle between the two 
planes. 


Let 7,, T, be two planes and let AB be their line of intersection, 
From any point P in AB, draw two straight lines PQ, PR both 
Perpendicular to AB, one in each plane. Then the angle between the 


two planes is measured by the angle QPR, which is called the dihedral 
angle between the two planes. 


CHAPTER II 
AXIOMS AND THEOREMS 


Axioms.—The., following fundamental properties have 
been laid down as axioms in the Pre-University syllabus 
of the Calcutta University. 


(1) One and only one plane passes through a given 
straight line and a given point outside it. 

(2) If two planes have one point in common, they have 
at least a second point common. 


In the syllabus of the Higher Secondary Course, the 
following have been laid down as axioms : s 

(1) One and only one plane may be. made to pass 
through any two intersecting straight lines. 


(2) Two intersecting planes cut one another in a straight 
line and in no point outside it. 


From above, the following inferences can be drawn 
at once : 

The position of a plane is fixed if it passes through 

(1) a given straight line and a point outside it. 

(2) two intersecting straight lines. 

(3) three non-collinear points, 

(4) two parallel straight lines. 

The axiom (2) of the Higher Secondary Course can be 
deduced as a theorem from axiom (2) of the Pre-University 
Courge as shown below : 


THEOREM I 


Two intersecting planes cut one another in a straight line, 
and in no point outside rt. 
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Let MN, XY be two intersecting planes. It is required 
to prove that the planes MN and XY intersect in a straight 
line and in no point outside it. 


Fig. 8 


Since the two planes intersect, let A be a point of inter- 
section i.e, A is a point common to both the planes. 
Hence, by axiom (2), there is at least a second point, say B, 
common to both. 

Then the straight line joining AB lies wholly in both the 
planes t.e., the two planes intersect along the straight line 
AB. If the two planes have in common a point C, which 
is outside the straight line AB, then they each coincide 
with the plane of the triangle ABC and therefore with one 
another, which is not the case here. 

Thus, no point outside AB is common to both. Hence, 
the two planes MN, XY cut one another in AB and in no 


point outside it. 


Exercises 1 


1. If of any three straight lines, each pair cut one 
another, show that they must be co-planar. 

2. ‘The lines of intersection of two parallel planes with 
any third plane are parallel. 
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8. If any three planes do not pass through the same 
line, then their three lines of intersection meet at a point, or 


are parallel. 
4. Two intersecting straight lines cannot both be parallel 


to a third straight line. 
THEOREM IL 


Tf a straight line is perpendicular to each of two intersect- 
ing lines at their point of intersection, it is perpendicular to 
the plane in which they lie. 


Fig. 9 


Let OP be perpendicular to each of two intersecting 
lines OA, OB at their point of intersection at O. 

It is required to prove that PO is perpendicular to the 
plane AOB. 

Through O draw any straight line OC in the plane AOB. 
Also in the same plane, through C, draw CA parallel to OB, 
and OB parallel to OA, so that OACB is a parallelogram. 
Join AB to meet OC in D, so that D is the mid-point of AB, 


[°. diagonals of a parallelogram bisect each other | 
. Join PA, PB, PD. 
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Proof. In the triangle PAB, the base AB is bisected 
at D. 


PA* + PB° =2AD* +2PD* oo (1) 
Similarly from the triangle OAB, we get 
OA? + OB? =2AD? + 20D* i (2) 


subtracting (2) from (1), 
(PA? - 04°) + (PB° - OB?) =2(PD* - OD*) (3) 
Now, PA? - 0A*=OP? ; i) , i 
and PB°-0B°=0P° a =o) 
since, Z POA, Z POB aro right angles. 
from (8) and (4), we get 
d 20P° =2(PD* — OD’). 
OP? +OD* = PD*. 
Z POD i.e. 2 POC is a right angle. 
Thus, PO is perpendicular to any line OD which meets it 
in the plane AOB. ~ 
PO is perpendicular to the plane AOB, Q. E. D. 


Alternative method of Proof. 
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Let PO be perpendicular to-both OA, OB. 

It is required to prove that PO is perpendicular to the 
plane of OA, OB i.e., the plane AOB., 3 

Join AB and in the plane of AOB draw any straight line 
OC, meeting AB in C. Then it will be sufficient to prove that 
PO is perpendicular to OC. Produce PO beyond the plane 
OAB to Q, making OQ = OP. 

Join PA, PB, PC ; also QA, QB, QC. 

Now AO being perpendicular bisector of PQ, PA=QA 
and BO being perpendicular bisector of PQ, PB= QB. 

Hence, A°PAB, QAB are congruent (AB being common. 
to both). .. ZPAB=ZQAB. 

Then in A? PAC, QAC, PA=QA, AC is common and 


ZPAC=ZQAC. «. A*®PAC, QAC are congruent. 
<. CP=CA. : 

Now in the A‘, OPC, 0QC, OP=0Q, PC=QC and 0C 
is common. .”. A* OPC, OQC are congruent. .. Z POC 
= / QOC which being adjacent angles on the straight line 
POQ, ZPOC= ZQO0C=a right angle. e 


-. PO is perpendicular to any line OC which meets it 
in the plane AOB. 
PO is perpendicular to the plane of OA, OB. 
Q. H. D. 


Exercises 2 


1. Show that from a point in space, three straight lines 
can be drawn so that each is perpendicular to the plane of 
the other two. 

2. <A straight line is drawn through the centre of a 
circle perpendicular to the two radii OA, OB of the circle, 
Show that all points on the circumference of the circle are, 
equidistant from any point on the line. 

3. If O bea point in the plane of the triangle ABC and 
if P be a point outside the plane such that PO is perpendi- 
cular to OA and OB and if PA=PB= PC, show that O is the 
circum-centre of the triangle ABC. 
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4, If O be the circum-centre of any given triangle ABC 
and if P be any point outside the plane of the triangle ABC 
such that PA=PB=PC, show that PO is perpendicular to 
the plane ABC. 


5. Pisany point outside a given plane, and O, A, B, 0, 
D are points in the plane such that 7 POA= ZPOB= 
a right angle. If PA=PB=PC=PD, prove that the points 
A, B, C, D are concyclic. Find the centre of the circle, 
passing through A, B, C, D. 

6. ABC is a triangle right-angled at ©. Pis a point 
outside the plane ABC, such that PA=PB=PC. If D be 
the mid-point of AB, prove that PD is perpendicular to CD 


and hence deduce that PD is perpendicular to the plane of 
the triangle. 


THEOREM III 


: All straight lines drawn perpendicular to a given straight 
line at a given point on it are co-planar. 


12 


Let PO be the given straight line and letithe straight 
lines OA, OB, OC be drawn perpendicular to PO at O. 
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It is required to prove that OA, OB, OC are co-planar 
i.e., they all lie in one plane. 

Proof. Evidently OA, OB lie in one plane and PO, OG 
in another plane. 

If possible, let the plane POC cut the plane AOB in the 
straight line ON. 

Now, since PO is perpendicular to OA and OB, POi is 
perpendicular to the plane AOB. 

But ON being in the plane AOB and meeting PO at O, 
PO is perpendicular to ON; hence Z PON is a right angle. 
Also Z POC is a right angle. 

Now, PO, OC, ON lying in the same plane, Z POO, 
Z PON cannot be both right angles. Hence, ON coincides 
with OO. Thus, QC is the line of intersection of the planes 
AOB and POC. Hence QC lies in the plane of OA, OB. 


OA, OB, OC are co-planar. 
Similarly it can be easily shown that if other lines 


OD, OB, OF etc. are drawn perpendicular to PO at O, they 
lie in the plane of AOB. Hence, OA, OB, OC, OD, OE, OF 


etc. are all co-planar. Q. E. D. 
Exercises 3 


1. How many horizontal straight lines can be drawn 
through a given point of a vertical line and how do they 


lie ? 

How many vertical lines can be drawn through a given 
point ? 

2, Through the mid-point O (7.c., the intersection of its 


diagonals) of a horizontal square ABCD, a vertical line OP 
is drawn. Show that PA, PB, PC, PD are all equal. 


3. Prove that there cannot be more than three mutually 
perpendicular straight lines meeting at a point. 


4, Ifa triangle revolves about its base, show that the- 
vertex describes a circle. 
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5. Find the locus of a point in space— 

(i) equidistant from two given points 

(ii) equidistant from three given non-collinear points. 
6. Find a point in a given straight line in space which 


is equidistant from two given points outside the line. 
When is this impossible ? 

7. ‘Prove that a point can be found in a plane equidis- 
tant from three points outside the plane. State the excep- 
tional caso, if any. 

8. Show that there is one and only one point equidistant 
irom four non-co-planar points, no three of which are 
collinear. 


THEOREM IV 


If of two parallel straight lines one is perpendicular to 
a plane, the other is also perpendicular to the same plane. 


Fig. 12 


_ Let AB, CD be two parallel straight lines of which AB 
is perpendicular to the plane XY. 


Gis poe ee to prove that OD is,also perpendicular to 


Let B, D be the points at whi i i 
PSAT RAD] ee s at which the given lines meet the 
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In the plane XY, draw the straight line HDI’ perpendi- 
cular to BD, making DF= DB. 2 

Join AH, AF ; BH, BF. 

Proof. Since BD bisects EF at right angles. 

BE=BF. 

Now in the A* ABH, ABF, AB is common and BE 
=BF; also ZABE= Z ABP, since each is a right angle 
because AB is perpendicular to the plane XY and BH, BF 
lie in the plane. 

~. AS ABE, ABF are congruent. 

Hence, AH=AIl, ` ; 

Again in tho A? ADE, ADF, AD is common, DE = DF 
and AE = AF. : 

A° ADE, ADF are congruent. 

<. LADE=Z ADF and these being adjacent angles 
on the straight line FDE, FD is perpendicular to AD. 

Since FD is perpendicular to DA and DB, FD is per- 
pendicular to the plane DAB. 

As AD, DB both lie in the plane of the parallel lines 
AB, CD, four lines AB, CD, AD, BD are co-planar. Hence, 

- CD lies in the plane of ABD and thus FD is perpendicular 
to CD, 

Sinco AB, CD are parallel and BD meets them, 

ZCDB+ ZABD=2 right angles. But ZABD=a 
right angle. 
ZODB is a right angle. 

Hence, CD is perpendicular to BD. 

Thus, OD being perpendicular to both DB, DF, is per- 
pendicular to the plarie XY in which-they lie. 

CD is perpendicular to the plane XY, QNB, D. 

Cor. 1. It can be easily proved that the converse of the 
theorem is true.; i.e., if two straight lines are both perpendi- 
cular to a plane, then they are parallel. 

Let AB, CD he both perpendicular to the plane XY. Then 
with the same construction, it can be proved, as before, 
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that FD is perpendicular to DA. But FD is perpendicular 
to DB (construction) and is also perpendicular to DC, since 
FD lies in the plane XY and CD is perpendicular to the 
plane XY (Hyp.) Hence, DC lies in the plane of DB, DA 
{ Theo. TIL 1. But AB also lies in the same plane and hence 
AB, CD are co-planar and since -Z ABD= ZCDB, each being 
a right angle, ZABD + ZCDB=2 right angles. Hence, AB 
is parallel to CD. 


Cor. 2. Theorem of three perpendiculars. 


If AB is perpendicular to a plane XY and if from B, the 
foot of the perpendicular, & line BC is drawn perpendicular to 
any straight line DE in the plane, then AC is also perpendi- 
cular to DE. 


A 


x 


Fig. 13 


Proof. Through B draw FG in the plane XY, parallel 
to DE. Since BC is perp. to DE, it is also perp. to FG. 
Again, AB being perp. to the plane XY, AB is perp. to FG. 
Thus F'G, being perp. to AB, BC, is perp. to the plane ABC 
and hence DE being parallel to FG is also perp. to the plane: 
ABC and hence to the line CA. 


Thus, AG is perpendicular to DE. 


4 
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Exercises 4 


1. If the straight lines AB, CD are perpendicular in 
a plane meeting it at B, D and if AB, CD are equalin 
length and on the same side of the plane, show that ABCD 
is a rectangle. 

2. Straight lines in Spaca which are parallel to a given 
straight line are parallel to one another. 

3. Ifthe middle points of the adjacent sides of a skew 
quadrilateral are joined, prove that the figure so formed 
lies in one plane and form a parallelogram, 

4. P is a point outside the plane of two parallel straight 
lines AB, OD. From the point P, PL is drawn perpendi- 
cular to AB and LM is drawn perpendicular to CD. Prove 
that PM is perpendicular to CD. 

5. If AB, CD, ZF are three equal, parallel straight lines 
not lying in one plane, and if their extremities form two 
triangles ACH, BDF, show that the triangles are congruent. 

6. If perpendiculars are drawn from a point to a system 
of parallel straight lines in space, show that they lie on 
a plane perpendicular to the parallel lines. 


THEOREM V 


If a straight line is perpendicular to a plane, then every 
plane passing through it is also perpendicular to that plane. 

Let the straight line AB be perpendicular to the plane 
XY and let LM be any plane passing through AB. (Fig. 14] 

It is required to prove that the plane LM is perpendi- 
cular to the plane XY. 

Draw BC in the plane XY perpendicular to LN, the 
line of intersection of the two planes XY and LM. 

Now AB being perpendicular to the plane XY, it is 
perpendicular to BC and BN, as they lie in the plane XY. 
Hence, Z ABC is a righ-angle. 

Also ZABO measures the dihedral angle between the 
two planes XY and LM, since AB and BC are both per- 
pendicular to the line of section LN. 


10 
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<. the plane LM is perpendicular to the plane XY. 


E.D. 
Mu Q 


x Fig. 14 
Cor. If from any point in the line of intersection of 
two perpendicular planes, a line is drawn on either of tho 
planes perpendicular to the line of intersection, then it is 
perpendicular to the other plane. 


Exercises 5 


1. Draw a plane perpendicular to a given plane and 
passing through a given straight line not lying in that plane. 


2. Through a given point draw a plane perpendicular 
to each of two intersecting planes. 


3. If two intersecting planes are each perpendicular 
to a third plane, their line of intersection is also perpendi- 
cular to that plane. 

4. Show thatthe three straight lines in which three 
mutually perpendicular planes cut one anothor aro them- 
selves mutually perpendicular, 

5. From a point A two straight lines AB, AC are 
drawn perpendicular one to each of two intersecting planes. 
Prove that the line of intersection of these two planes is 
perpendicular to the plane ABC, 


6. Prove that Planes perpendicular to a given plane 
cut one another in parallel straight lines, 


CHAPTER IIT 


VOLUMES AND SURFACE AREAS 
OF 
REGULAR SOLIDS 


3'1. When any portion of space is bounded by one or 
more surfaces, it is called a solid figure or simply a solid, 
These surfaces are called the faces. of the solid and the 
intersections of the adjacent faces are called its edges, 

When a solid is bounded by plane faces, it is called 
a polyhedron. A polyhedron is said to be regular, if its 
faces are all regular, such as equilateral triangles, squares, 
etc. 


3'2. Parallelopiped. x 


Ifa solid is bounded by three pairs of parallel planes, 
it is called a parallelopiped. 


B Cc 
Fig. 15 


Here ABCDEFGH is a parallelopiped. Its faces aro all 
parallelograms. 
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Rectangular parallelopiped. 


If a parallelopiped has its faces all rectangles, it is 
called a rectangular parallelopiped (or a cuboid). 


c R 


Fig. 16 


Let OADBPQRC be a rectangular parallelopiped. Here 
OA, OB, OC are three mutually perpendicular lines. 


Here, ZCOA, ZCOB are right angles. 
OC is perpendicular to the face AOBD. 
OC is perpendicular to OD, as OD lies in the plane AOBD. 
Hence, QD being parallel to OC is perpendicular to OD, 
ZODQ is a right angle, 
from AOQD, 0Q?=.0D? + DQ*?=0D?+0GC?, since OC=DQ. 
Now ZOAD being a right angle, OD? = 0A? + AD’ = 0A° + OB? 
(as AD=0B) 
.. 0Q?=OD*?+ 0C7=0A? + 0B? +0C?, > 
Let OA=a, OB=b, OC=c. Ba 7 ee 
There are three pairs of rectangular faces parallel two 
by two, viz. (PBDQ, COAR), (DARQ, BOCP), (CPQR, 


OBDA). The opposite faces are congruent. The four 
diagonals are OQ, AP, BR, CD, and they are all equal. 
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Whole surface of the rectangular parallelopiped ee 
=2(be+ca+ ab). 
Volume =abe 
ie. =length X breadth x height 
or =(area of the base) x height. ~ 


3'3. Cube. 


If all the sides of a rectangular parallelopiped are equal 
(i.e. if the bounding faces are all squares) then the parallelo- 
piped is called a cube. 


If a denote each side or edge of a cube, then 
the whole surface area of the cube = 6a" 
and the volume=a° i.e.,=(edge)*. c= 


3'4. Prism. i 

A solid bounded by plane faces of which the side-faces 
are parallelograms, and the two end-faces called the ends are 
two congruent parallel plane polygons, is called a prism. 


Tho straight lines in which the side-faces intersect two 
by two are called the side-edges of the prism. The side- 
faces being all parallelograms, the side-edges are all parallel 
and equal and the number of side-faces is equal to the 
number of the sides of the polygon at the end of the prism. 
In the two ends of a prism are polygons, it is called 
a polygonal prism ; e.g., if the two ends are triangles it is 
called a triangular prism. 


Right Prism. 


A solid bounded by plane faces of which the side-faces 
are rectangles, and the two end-faces are two congruent 
parallel plane polygons, is called a right prism. 


For a right prism, the side-edges are perpendicular to its 
ends and its height is equal to its edge. The height of 
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a right prism is sometimes called its length. The adjoining 
figure is that of a right prism. 


K 
L H 


E o 


Fig. 17 


(1) Area of the lateral surface of a right prism 

= (perimeter of the base) x height. 
(2) Volume of a right prism 

=(area of the base) x height. ae 

3°5. Pyramid. 

A solid bounded by plane faces of which one, called the 
base, is any plane polygon, and the remaining faces are all 
triangles meeting in a point, is called a pyramid, the 
common point of the triangular faces being called its verter, 
Obviously if the base polygon of a pyramid has n sides, the 
pyramid has n triangular faces. A pyramid is called a 
square pyramid or triangular pyramid according as the 
base is a square or a triangle. The height of a pyramid is the 
perpendicular distance from the vertex to the base. The 
straight lines in which the triangular faces intersect two by 
two are called its edges (or slant edges). 


Right Pyramid. 
When a solid is bounded by plane faces of which one 
called the base is a regular polygon, and the remaining faces 
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areall isosceles triangles meeting in a point (called the vertex), 
which lies on the straight line drawn perpendicular to the 
base from its centre (i.e., the centre of the inscribed or cir- 
cumscribed circle of the polygon), it is called a right pyramid. 

For a right pyramid the edges of the base are all equal 
and the side-faces are equal isosceles triangles. The slant 
height of a right pyramid is the length of the perpendicular 
drawn from the vertex to any side of the base and hence 
bisecting it. Slant height is the same for each slant face. 
The slant surface of a right pyramid is the sum of its 
triangular faces. The height of a right pyramid is the length 
of the line joining the vertex to the centre of the base. 
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a 2 
M 
B 
Fig. 18 
- The adjoining figure is that of a right pyramid. 
The base is ABODE, a regular pentagon here, of which 
O is the centre. P is the vertex, PO is the height. It has 
five triangular faces which are all equal. PM is the slant 


height, bisecting AB at right angles. The aboye pyramid 
is very often written as (P, ABODE). 
(i) Slant surface of a right pyramid 
=(perimeter of the base) X slant height. . 
Gi) Volume of a right pyramid 
= (area of the base) x height. 
Note. The whole surface=slant surface+area of the base. 
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3'6. Tetrahedron. 


A solid bounded by four triangular faces is called a 
tetrahedron. One of the triangular faces being taken as the 
base, the point where the other three meet is called the 
vertex of the tetrahedron. If all the four faces of a tetra- 
hedron are equal equilateral triangles, the tetrahedron is 
said to be regular. All the edges of a regular tetrahedron 
are equal. A tetrahedron is thus a triangular pyramid. 


A 


D 
Fig. 19 


The adjoining figure is a tetrahedron. It has four triangular faces, 
ABC, ACD, ADB, BCD and six sides or edges AB, BD, DC, CA, AD, 
BG. The pairs (4B, CD), (BD, AC), (AD, BC) are called opposite edges. 
A is the vertex and BCD is the base. The length of the perpendicular 
from the yertex A upon the face BCD is called its height. 

(i) Whole surface of the tetrahedron 

=sum of the areas of the four faces. 
(ii) Volume of the tetrahedron 

= i(area of the base) x height. y, 


3°7. Right circular cone. 


Tf a solid is generated by the complete revolution of 
a right-angled triangle about one of the sides containing 


i 
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the right angle as axis, the solid is called a right circular 
cone, 


A 
l 
B C ad 
E 
Fig. 20 


The adjoining figure is that of a right circular cone. It 
is generated by the complete revolution of the right-angled 
triangle AOB, about the side AO as axis. The hypotenuse 
AB generates the curved surface of the cone and is called 
the generating line or the generator of the surface. AB is 
also called slant height of the cone and is usually denoted 
by l. The other side OB describes the circle BDCE of 
radius OB and centre O, which is called the base of the cone, 
The radius of the base, OB, is usually denoted by r. The point 
A is called the vertex of the cone and the length of its 
axis AO is called its hezght and is usually denoted by h. 
The angle Z BAC is called the vertical angle of the cone, and 
ZOAC or ZOAB is called the semi-vertical angle of the 
cone. 


If h be the height, 7 the radius of the base, J the slant 
height and a the semi-vertical angle of the cone, 
(i) Area of the curved surface (or lateral surface) of 
a right circular cone, 
= (circumference of the base) x slant height 
=4%Qar Xl=arl 
=ar Jhb? Ree, zr?cosec a. 
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(ii) whole surface=ar (l +7). 
Gii) volume =+ (area of the base) x height 
=1nr7h=4zh® tan?a. 
Note. We easily have from the right-angled triangle AOB 
r=h tan a ; l=rcosec a, l= Jh? +r”. 
Also if vı, va be the volumes of two right circular cones of heights 
hı, ita and if they have the same vertical angle 2a, 
then, v, : v,.=$7h,* tan7a: $rh.*tan2a=h,* £ ha”. 
Thus, the volumes of cones with the same vertical angle are ,to one 
another as the cubes of their heights. 


3°8. Right circular cylinder. 


The solid generated by the complete revolution of a. 
rectangle about one of its sides as axis is called a right 
circular cylinder. 


Fig. 21 


The adjoining figure is that of a right circular cylinder. 
It is generated by the revolution of the rectangle OABC 
about the side AO. AO is called the avis of the cylinder. 
The opposite side BC generates the curved surface of the 
cylinder and is called the generating line of the cylinder. 
The side AB describes a circular end with A as centre 
and AB as radius and the opposite side OC describes 
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a circular end with O as centre and OC as radius. Both 
the circular ends are called bases and they are equal in 
area. The length of the axis OA is called the height of 
the cylinder. OA is also sometimes called the length of 
the cylinder. If 7 be the radius of the base and h the 
height of a right circular cylinder, then 


(i) area of the curved surface 
=(circumference of the base) x height 


=2arh. 


(ii) area of the whole surface 
= area of the curved surface + area of the two ends 
=9arh + 27r? 
=2ar(h+r). 
(iii) volume = (area of the base X height) 
=arh. 


3°9. Sphere. 


If s solid is generated by the revolution of a semi-circle 
about its diameter as axis, it is called a sphere. 


B 
Fig. 22 


The adjoining figure is that of a sphere generated by 
the complete revolution of the semi-circle APB about the 
diameter AB as axis and the semi-circumference APB 
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describes the surface of the sphere. O is the centre of 
the semi-circle and OP its radius. 


As the semi-circumference revolves, all the points in 
it remain at a constant distance from the centre O. 


Thus, a sphere may be defined as the locus of a point 
which moves in space in such a way that its distance from 
-a fixed point remains constant. 


The fixed point O is called the centre of the sphere and 
the constant distance OP is called its radius. 
If r be the radius of the sphere, 
area of the surface of the sphere =4nr? 
volume of the sphere =4nr°. 
Note. Half of a sphere is called a hemisphere. 


3°10. Illustrative Examples. 


Ex.1. If the area of the four walls of a room is 1024 sq. ft. and 
the height is 16 feet, find the perimeter of the floor. 

Let a, b, c be the length, breadth and height of the room. 
Then c=16 ft. 

Then, 2c (a-+b)=1024 sq. it., 

E 1024 _ 1024 
ien 2(a+b)= oe ft. =64. 
the perimeter of the floor =64 ft, 

Ex. 2. Find the area of the lateral surface of a right prism 
whose ends are squares of sides of lengih 3 inches and whose height 
as 1 ft. [0.0.1 

Area of the lateral surface= (perimeter of the base) x height 

=1 ft. X1 ft.=1 sq. ft. 

Ex. 3. Find the volume of the right pyramid in which the base 
is a triangle whose sides are 8cm, 15cm.,17 cm.. and the height 
is 12cm. [c.U.] 

Since, 8*+15*=17?, the triangle is a right-angled triangle, of 
which the hypotenuse is of length 17 c.m. 

.’. area of the triangle=4x8x15=60 sq. cm. 

Hence, the volume of the pyramid = }(area of the base) x height 


=4%60x12=240 cu. om. 
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Ex. 4. Find the whole surface of a regular tetrahedron, the length 
of each edge of which is 2a. 

Let ABCD be the tetrahedron of which 4 is the vertex and BCDis 
the base. Sincé BCD is an equilateral triangle of side 2a, its area 
= J/8axaxaxa [by using the formula for the area of a triangle 
= /s(s—a)(s—b)(s—c) ]= /8a?. 

*. whole surface=sum of the areas of the four faces, which are 


here all equal, being equal to the area of the base BOD=4x \/3.a7 
= 4a? y3. 

Ex. 5. Find the area of the curved surface and the volume of 
aright circular cone which is 15 ft. high and the radius of whose base 
is 8 ft. K0. V:3 
Let l be the slant height of the cone; then l= ,/15?+8*=17 ft. 
Area of the curved surface of the cone=77rl 

= 3'1416 x 8 x 17=427°3 sq. ft. (approx.). 
Volume of the cone=}77r*}, where h is the height of the cone 
=$x3'14x8? x15 
=1005°31 cu. ft. 
The curved surface of a right circular cylinder is 2000 sq- 


Ex, 6, 
find the volume and the 


cm. and the diameter of the base is 40 em. ; 
height of the cylinder. 

If r be the radius of the base and h the height of the right circular 
cylinder, 

area of the curved surface=277/1= 2000, and 2r= 40, 

<. 7=20. «<. mh=50 cm. 

Now, volume V=zhr?=50 x 400= 20,000 cu. cm, 

Ex, 7. How many solid spheres, each 6 cm. in diameter, could be- 
moulded from a solid metal right circular cylinder whose height is 
45 cm. and diameter 4 cm. ? [ C. U.] 

Let r, be the radius of the sphere ; then its volume=$rr,*. 

Herev,=3cm. .'. volume of the sphere=$z.3°, 

Let r, be the radius and h the height of the cylinder; then its 
yolume=a7r,2h=7 X 2? x 45 (since 74=2, h=45), 

Let n be the required number of solid spheres moulded. 

oe mxXanxd® =a X 2? x45, 
ow. n=5. 

Thus, 5 spheres can be moulded. 
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Examples on Chapter III 


Sec. A: ( On rectangular parallelopipeds ) 


1. The whole surface of a rectangular block is 52 sq. ft. 
The base contains 6 sq. ft., and one vertical face contains 
12 sq. ft. Find the height of the block. 


2. The perimeter of the flcor of a room is 24 cm., and 
the total area of the four walls is 144 sq. cm. Find the 
height of the room. 


3. The length, breadth and height of a rectangular 
block are in the ratio 5:6:7; and the whole surface of 
the block is 1926 sq. cm. Find the height of the block. 


4. The- diagonal of a rectangular parallelopiped is 
13 cm. The area and perimeter of the floor are 12 sq. cm.and 
14 cm. respectively. Find the volume of the parallelopiped. 


5. The length, breadth and height of a closed box are 
10 cm., 9 cm., 7 cm. respectively, and the total inner surface 
is 262 sq. cm. If the walls of the box are uniformly thick, 
find the thickness. 


Sec. B: (On right Prisms ) 


1. The area of the lateral surface of a right prism is 
80 sq.in, If the base of the prism be a square of side 
4 in., find the height of the prism. 


Wa Show that the volume of a right prism of height h 


standing on an equilateral triangle of side a is ABB ah, 


3: The base of a right prism isa trapezium whose 
parallel sides are 7 cm. and 3 cm‘, the. distance between 
them being 4 cm. If the volume of the prism be 200 cu. cm., 
find the height of the prism. 


4, Through a wooden pipe, whose cross-section is 
a square on a side of 4 cm., water flows uniformly at the 
rate of 50'em, per sec. How long will it take to discharge 
48 litres ? 
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5. Two prisms of equal height are such that the 
magnitude of the area of the base of one prism is double 
the perimeter’ of the base of the other prism. Show that 
the magnitude of the volume of the first prism is double the 
magnitude of the area of the lateral surfaces of the other 
prism. a 


Sec, C: ( On right Pyramids ) 


1. A right pyramid of height 1” stands on a square base 
of side 4". Find the slant height and the slant edge. 


2. Find the volume of a right pyramid 12cm. high 
which stands on a rectangular base of sides 10 cm. and 8 cm. 


3, A right pyramid stands on a rectangular base whose 
sides are 6’ and 8’, and the length of each slant edge is 13’, 
Find the height of the pyramid. 

_ 4. Find the volume of the right pyramid whose base 
is a triangle of which the sides are 13 ft., 14 ft., 15 ft. and 
whose height is 20 ft. 

5. A right pyramid stands on a square base each of 
whose sides is 12 ft. and the slant faces are equilateral 
triangles. Find the height and the volume of the pyramid. 


'6. OA, OB, OC are three mutually perpendicular lines 
inspace, and OA =a, OB =b, OC=c. Prove that the volume 
of the pyramid= gabe. ` 

7. OA, OB, OC are three mutually perpendicular lines 
of equal length a. Find the area of the triangle ABC. 


Sce.D: ( On right circular cones ) 


vi. Find the volume and the area of the slanting surface 
of a right circular cone of height 4 feet and the radius of 


=) 


whose base is 3 feet ( z=} ). 

2. If S be the area of the curved surface and a the 
semi-yertical angle, i the height and r the radius of the 
base of a right circular cone, prove that 

_ah* sina_ mrt 
"cosa sin a 
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x “3. What is the length of the canvas 3 feet wide which 
will be required to make a conical tent which is 28 ft. high 
and which covers an area of 154 sq. yds. ? (z=32 ) 


4. Show how to draw a plane parallel to the base of 
a right circular cone, so that it divides the cone into two 
parts of equal curved surfaces. EO U.] 


.5. Show how to draw a plane parallel to the base of 
a right circular cone, so that it divides the cone into two 
parts of equal volumes. 


<6. A right circular cone 20 ft. high has its upper part 
cut off by a plane passing through the middle point of its 
axis. If the plane of section be at right angles to the axis, 
and if the radius of the base of the original cone be 4 feet, 
find the volume of the truncated cone. = Poagal 


7. If Sı, Sa be the curved surfaces and hi, he the 
heights of two right circular cones with the same vertical 
angle, show that 


S,:S.=hy? : he*. 


8. The upper portion of aright circular cone cut off 
by a plane parellel to the base is removed. If the curved 
surface of the remainder he 2 of that of the whole cone, 
show that the cutting plane bisects the altitude of the cone,- 


Sec. E: (On right circular cylinders ) 


“1, If the volume of a right circular cylinder be 
1980 cu. ft. and the.area of its curved surface be 660 sq. ft., 
find the radius of the base and the height of the cylinder. 


“2. If the height of a right circular cylinder be 15'8 ft. 
and radius of the base be 4'2 ft., find the whole surface of 
the cylinder. (z=3'1416 ) 


A. Hind the height and the volume of the cylinder, the 
curved surface of which is 2000 sq. ft. and the diameter of 
whose base is 20 ft, 


[Given + =0'31831 ] 
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w4. A right circular cylinder and a right circular cone 
have equal bases. and equal heights. If their curved 
surfaces are in the ratio 8 : 5, show that the radius of the 
base is to the height as 3; 4. 


5. <A right prism stands on a square base whose side 
is 72cm. Find the volume of a right circular cylinder 
whose height is 3 cm. and whose base touches the four sides 
of the square, the centre of the base being at the centre of 
the square, 


Sec. F : ( On spheres ) 


v. Three solid golden balls of radii 3, 4 and 5 milli- 
meters are melted into one single solid golden ball. Find 
the radius of the single ball. [¢.U.] 


,2. A lump of clay in the form of a solid sphere is 
converted into a right circular cylinder of height 16 inches. 
Find the radius of the base of the cylinder supposing it to 
be equal to the radius of the sphere. KOSTA 


Z. A sphere and a right circular cylinder of the same 
radius haye equal volumes. By what percentage does the 
diameter of the cylinder exceed its heigbt ? KORONI 


4. The weights of two balls are in the ratio of 5 to 
11 and the weights of a cubic foot of the material in the 
two balls are in the ratio of 121 to 25. Find the-ratio of 
their radii. 


5. If a solid sphere of radius 4ft. is blown into 
a hollow sphere, the radius of whose external surface is 5 ft., 
show that the thickness of the hollow sphere, assuming it 
to be uniform, is approximately 1°06 ft. 


[ Given ¥/(61)=3'94 ] 


6. The volumes of a sphere and of a right circular 
cylinder are as 4:9, and the radius of the base of the 
cylinder is equal to three times the radius of the sphere. 
Show that the radius of the sphere is three times the 
height of the cylinder. 


11 
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7. A sphere of diameter 6 cm. is dropped into a 
cylindrical vessel partly filled with water. The diameter of 
the vessel is 12 cm. If the sphere be completely submerged, 
by how much will the surface of the water be raised ? 


8. A right circular cylinder is circumscribed about 
a hemisphere and a right circular cone is inscribed in the 
cylinder, such that its vertex is at the centre of one end 
of the cylinder and its base coincides with the other end 
of the cylinder, show that 


Vol. of cone _ Vol. of hemisphere — Vol. of cylinder 
1 2 EPIN 


ANSWERS 


Sec. A :—(1) 4 ft. (2) 6cm. (8) 21ém. (4) 144 cu. cm. (5) 1 om. 
Sec. B:—(1) 5inches. (3) 10 cm. (4) 1 minute. 


Seo. © :—(1) 2/936, 3”. (2) 960 cu., cm. (8) 12 ft. (4) 560 cu. ft. 
(5) 8°48 ft: ; 407°04 cu, ft. (7) 48, a. 


Seo. D :—(1) 374 cu. ft. ; 47% sq. ft. (3) 770 ft. 
(4) the plane divides the height in the ratio J2-1:1, 


(5) The plane divides the height in the ratio 3/2-1, 
(6) 293% cu. ft. 


Sec. E :—(1) radius=6 ft, ; height=17'5 ft. (2) 527°79 sq. it. 
(2) 31°8 ft. (5) 122°2 cu. cm. 


Sec. F :—(1) Sm.m. (2) 12 inches, (8) 50%. 


a Ea (4) 5:11. 
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1. (a) The co-ordinates of A, B, C are (—1, 5), (3, 1) and (5, 7) 
respectively. D, E, F are the mid-points of BC, CA, AB respectively. 
Calculate the area of the triangle DEF. 

(b) Obtain the equation of the straight line through the point 
(2, 1) and perpendicular to the line joining the points (2, 3) and (3, —1). 

2. (a) Obtain the equation of the locus of a point which moves in 
the plane of (x, y) in such a way that its distance from the point (2, 3) 
is always two-thirds of its distance from the y-axis. 

(b) Find the equation of the tangent to the parabola y*?=4aa at 
the point (z’, y’). 
8. (a) Show that the centres of the following three circles are in 
a straight line : 
aw? +y’ —22—6y—5=0, x*+y? —4x—10y—T=0, 
a? +y?—62—14y—9=0. 
(b) Find the eccentricity and the co-ordinates of the foci of the 


renee 
ellipse Bt 9 1. 


4, (a) Obtain the equations of the lines which bisect the angle 
between the lines 
(i) ayw+b,y+c,=0and (ii) asz+bay+c,=0. 
(b) Obtain the equation of the circle which has its centre at the 
point (3, 4), and touches the straight line 5u+12y=1. 


5, Ifa straight line is perpendicular to each of two intersecting 


straight lines at their point of intersection, shew that it is also per- 
pendicular to the plane in which they lie, 


6. (a) Find the locus of a point in space equidistant from two given 
points. 
(b) Three solid spheres of gold whose radii are 1 cm., 6 cms. 
and 8 cms. respectively are melted into a single gold sphere, Find 
the radius of the sphere so formed. 
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1. (a) Find the angle between the two straight lines y=ma+e; 
y=ma+e’. 
(b) Obtain the equations to the straight lines each of which 
passes through the point (2, —1) and intersects the axes of co-ordinates 


at points equidistant from the origin and calculate the angle between 
them. 


2. (a) Obtain the equation to the circle which passes through the 
points (2, —1) and (3, —2) and has its centre on the straight line 
2z+4y—3=0. 

(b) A conic is represented by 
culate its eccentricity, 
of the foci. 


3. (a) Shew that the chord of the Parabola y*=4az, whose equation 
is y—a J2+4a/2=0, is a normal to the parabola, and find the co- 
ordinates of the point of the parabola at which it is the normal. 


(b) Bind the possible values of % for which the straight line 
32+47=k may touch the circle g? +7? =10r, 


the equation 41?-9y2=36; cal- 
length of latus rectum and the co-ordinates 


Í 9 2 
4. (a) Find the equation to the tangent to the ellipse a 


at the point x’, y’. 

(è) A point P moves in the plane of (x, y) in such a way that its 
distance from the lines 12r+5y—4=0 and 8x+4y+7=0 are equal ; 
obtain the equation to the locus traced out by P. t 


5. (a) Shew that all straight lines drawn perpendicular to a given 
straight line at a given point on it are coplanar. 
(b) The diagonal of a rectangular block is 10 cms., and the sum 
of the lengths of its edges is 80 cms. 3 calculate the-total area of the 
outer surface of the block. 


6. (a) Shew that if a straight line is perpendicular to a plane, then 
every plane passing through it is also perpendicular to the plane. 
(b) A right circular cone is 10 cms, high and its slant height is 
15 cms. Calculate the volume of the cone, [ r=22/7] 


J% 
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